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Abstract. We analyze the approximation properties of some meshlessmethods.
Three typesof functions systemsare discussed:systemsof functions that reproduce
polynomials, a class of radial basis functions, and functions that are adapted to
a di�eren tial operator. Additionally , we survey techniques for the enforcement of
essential boundary conditions in meshlessmethods.

1 In tro duction

The classical�nite element method (FEM) is a well-establishedtool for nu-
merically solving partial di�eren tial equations. New, non-standard methods,
that are broadly covered by the term meshlessmethods or meshfree methods
have recently emerged.A few examples frequently mentioned in this con-
text are the di�use element method, [87], the element-free Galerkin (EFG,
[13,14,11]), the X-FEM (extended FEM), [84,29,98],the RKPM (reproduc-
ing kernel particle method, [72{75,70]), the generalized FEM/partition of
unit y method ([7,78,79,82,9]), the hp-cloud method, [89], the particle par-
tition of unit y particle method of [47{51,96], the �nite point method [91],
and the method of �nite spheres[30]; also the use of radial basis functions,
[65,66,108,44,61,110]and the older generalized �nite di�erence method of
[71] fall into this category. This list is by no meansexhaustive, and surveys
of such methods include [12,6,60].Two of the reasonsgiven for intro ducing
such methods are:

� The cost of creating good quality meshescan be high. This is particularly
true for three-dimensionalproblemsand for problemswherethe standard
FEM requires frequent remeshingsuch as time-dependent problems and
crack propagation problems.

� For some non-standard problems, the standard FEM performs poorly.
Here, it is attractiv e to create custom-tailored methods designedfor a
particular problem at hand.

A main aim of thesenotes is to illustrate someof the mechanismsof approxi-
mation that underlie meshlessmethods. In view of the multitude of methods
and applications it is impossibleto be exhaustive, and a selectionhad to be
madeconcerningthe approximation spacesand the type of approximation re-
sults. With respect to the approximation spaces,wehaveselectedthree types:
an exampleof function systemsthat reproducepolynomials, a classof radial
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basis functions, and someexamplesof systemsthat are tailored to a partic-
ular di�eren tial operator. The type of approximation results that we obtain
are mostly formulated with a view to an application in projection methods
for secondorder elliptic problems.Sincethe natural setting of such problems
is that of the Hilb ert spaceH 1 (or subspacesthereof), most approximation
results are formulated in this norm.

1.1 Notation

General Notation We write N = f 1; 2; : : : ; g for the positive integers and
N0 = N[ f 0g represents the non-negative integers.R+ stands for the positive
real numbers, R+

0 = R+ [ f 0g for the non-negative real numbers. We will
denote by Pp the spaceof polynomials of degreep in d variables, i.e., Pp =
spanf

Q d
i =1 x � i

i j � i 2 N0 with
P d

i =1 � i � pg. The Euclidean norm on Rd will
be denoted by k � k2. Balls of radius r centered at x0 are denoted by B r (x0).

Spaces and Domains For domains 
 � Rd, integers k 2 N0 and q 2
[1; 1 ] the Sobolev spacesW k ;q (
) are de�ned in the usual way (see, e.g.,
[23, Chap. 1]). Also for valuesof k 62N0 and q 2 [1; 1 ), the Sobolev spaces
W k ;q (
) are de�ned in the usual way, [23]; they can be equipped with the
so-called Sobolev-Slobodeckij norm as follows: we write k = ~k + � , where
~k 2 N0 and � 2 (0; 1), and we de�ne

kukq
W k ;q (
) = kukq

W ~k ;q (
)
+ jujqW k ;q (
) ;

where the semi-norm j � jW k ;q (
) is given by

jujqW k ;q (
) :=
X

� 2 Nd
0

j � j = ~k

Z




Z




jD � u(x) � D � u(y)jq

kx � ykd+ q�
2

dx dy: (1.1)

We remark in passing that an equivalent de�nition of the fractional order
Sobolev spacesW k ;q (
) basedon the interpolation of spacesusing the K -
method is possible, [15,104]. The caseq = 2 is special in that the spaces
W k ;2(
) are Hilb ert spaces;it is customary to write H k (
) = W k ;2(
).
We denote by H 1

0 (
) = f u 2 H 1(
) j uj@
 = 0g the spaceof functions of
H 1(
) that vanish on the boundary of 
.
For � 2 Rd with k� k2 = 1, x 2 Rd, r > 0, and � 2 (0; � ) we de�ne the cone

C(x; � ; � ; r ) := B r (x) \ f y 2 Rd j (y � x)> � > ky � xk cos� g: (1.2)

A domain 
 is said to satisfy a conecondition with angle� and radius r if for
each x 2 
 there exists a � 2 Rd with k� k2 = 1 such that C(x; � ; � ; r ) � 
.
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Notation for Particle Metho ds In thesenotes, the approximation spaces
VN will have the form

VN = spanf ' i j i = 1; : : : ; N g;

as is customary in FEM, the functions ' i , i = 1; : : : ; N , will be called shape
functions. We furthermore intro ducethe patches
 i , which are the interior of
the supports of the shape functions, and the diameters hi of the patchesby


 i := (supp ' i )� ; hi := diam 
 i � 1:

Remark 1.1. The assumption hi � 1 is made for convenienceonly and could
be replacedby boundednessof the patch diameters.

Frequently , a shape function ' i will be associated with a particle x i 2 
 i .
The particles are collected in the set

X N := f x i j i = 1; : : : ; N g;

which throughout thesenotes will be assumedto consist of N distinct points
x i 2 Rd, i = 1; : : : ; N . In the parlanceof classicalFEM the \connectivit y" of
the shape functions will be important. We therefore de�ne

n(x) := f i 2 N j x 2 
 i g; (1.3)

n(i ) := f j 2 N j 
 j \ 
 i 6= ;g ; (1.4)

the notation n(�) is reminiscent of \neighbor."

FEM and Pro jection Metho ds Techniques and terminology of the clas-
sical FEM will pervade much of these notes, and we refer to [27,23,94]for
general referenceon the topic. We will, for example, employ the notion of
shape-regular a�ne triangulations T of a domain 
. Based on such a tri-
angulation of 
, one can de�ne the space Sp;1(T ) � H 1(
) of piecewise
polynomials of degreep. We refer to [94] for a precisede�nition of Sp;1(T ).
We will write Sp;1

0 (T ) for the spaceSp;1
0 (T ) := Sp;1(T ) \ H 1

0 (
).
Many of the results of the presentation are obtained with a view to an ap-
plication in projection methods such as the Galerkin method. An exampleof
such as setting is the following: Let X be a Hilb ert space,a : X � X ! R be
a continuous bilinear form, l 2 X 0 be a continuous linear form, and u 2 X
solve

a(u; v) = l (v) 8v 2 X : (1.5)

If VN � X is a subspace,then onecan de�ne an approximation uN 2 VN by:

Find uN 2 VN such that a(uN ; v) = l (v) 8v 2 VN : (1.6)
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Once a basis of VN is chosen, the problem (1.6) represents a linear system
of equations that has to be solved. Under suitable assumptionson the bilin-
ear form a, one has existenceand uniquenessof uN together with a quasi-
optimalit y result, i.e.,

ku � uN kX � C inf
v2 VN

ku � vkX ; (1.7)

where the constant C > 0 is independent of critical parameters(e.g., N ). In
this situation it is very important to understand the approximation properties
of the spaceVN employed so as to be able to be give bounds on the in�m um
in (1.7).

1.2 The notion of optimalit y

When discussingthe approximation properties of a spaceVN , it is instructiv e
to have a notion of optimalit y so as to be able to compare this spaceVN

with the best possiblechoice. One notion of optimalit y that is common in
approximation theory is that of n-width (see,e.g., [92]): For a normed space
X with norm k � kX and a subsetY � X one de�nes for n 2 N

dn := inf
E n � X

dim E n � n

sup
u2 Y

inf
v2 E n

ku � vkX ;

here, the spacesEn appearing in the �rst in�m um are arbitrary linear sub-
spacesof dimension n. The quantit y dn thus measureshow well functions of
the set Y can be approximated from linear spacesEn of dimensionn. Clearly,
dn dependson the error measurek � kX and the set Y . For Sobolev spaceswe
have [62]:

Theorem 1.2. Let 
 � Rd be a Lipschitz domain and k � 1. Then there
exists C > 0 such that

inf
VN � H 1 (
)
dim VN � N

sup
u2 H k (
)

kukH k (
) =1

inf
v2 VN

ku � vkL 2 (
) � N � (k � 1)=d :

The converseof Theorem 1.2 is well-known in classicalFEM (see,e.g., [23]):

Theorem 1.3. Let T be a quasi-uniform triangulation of a domain 
 �
Rd with maximum element size h. Then for k � 1 and the classical H 1-
conforming space Sp;1(T ) of piecewisepolynomials of degree p we have

inf
v2 Sp; 1 (T )

ku � vkH 1 (
) � CN � (min f p+1 ;k g� 1)=dkukH k (
) ;

where N = dim Sp;1(T ) � h� d.
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Theorems1.2, 1.3 show that the classicalFEM attains already the best pos-
sible rate of convergenceif the only information available about the function
to be approximated is membership in some Sobolev spaceH k (
). In this
setting, the useof approximation spacesVN di�eren t from the classicalFEM
spacesis mainly justi�ed by algorithmic considerations.

Remark 1.4. The approximation results of these notes are obtained with a
view to an application in classicalprojection methods such as the Galerkin
scheme (1.6). We will not cover non-linear approximation techniques, for
which we refer to [32].

2 Polynomial Repro ducing Systems

The �st classof approximation spacesVN that we analyze is one where the
spaceVN reproducespolynomials of degreep. We will seethat the approxi-
mation properties of such spacesare very similar to the classicalFEM spaces.
Such spacescan be constructed in di�eren t ways. One possibility is basedon
the moving least squarestechnique and will be illustrated in Section 2.3.

2.1 Motiv ation

Let 
 � Rd be a domain, let X N = f x i j i = 1; : : : ; N g be a set of particles,
and let VN = spanf ' i j i = 1; : : : ; N g be a spaceof functions de�ned on 
.
In this chapter, we will make the following assumptions:

Assumption 2.1 (�nite overlap). There existsa constant M 2 N such that for
every x 2 
 the cardinalit y n(x) of the set n(x) satis�es 1 � cardn(x) � M .

Assumption 2.2 (polynomial reproduction property).
P N

i =1 � (x i )' i (x) = � (x)
for all x 2 
 and all � 2 Pp.

Assumption 2.3 (stability). There exist Cstab � 1, r stab 2 N0 such that
kD � ' i kL 1 (
) � Cstab h�j � j

i for all i 2 f 1; : : : ; N g and all � 2 Nd
0 with

j� j � r stab .

Assumption 2.4 (local comparability of patches).There existsCcomp > 0 such
that C � 1

comp hi � hj � Ccomp hi for all i 2 f 1; : : : ; N g and j 2 n(i ).

These assumptionsare a generalization of certain properties of the classical
FEM. For p = 1 and shape-regular a�ne meshesT , the classicalpiecewise
linear FEM shape functions satisfy the above assumptions. For p > 1, the
shape functions employed in the FEM are not as standardized; nevertheless,
a basisof Sp;1(T ) satisfying Assumptions 2.1{2.4 can be constructed as the
following exerciseshows.
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eB i

x i x j


 i


 j

B � h j (x j )

B � h i (x i )

Fig. 2.1. Notation of Theorem 2.6.

Exercise 2.5. Let T be a mesh on 
 = (0; 1) determined by the points
0 = x0 < x1 < � � � < xn = 1. Assume that the element sizesare locally
comparable, i.e., C � 1 � x i +1 � x i

x i � x i � 1
� C for i = 1; : : : ; n � 1. Construct a basis

of Sp;1(T ) = f u 2 C([0; 1]) j uj(x i ;x i +1 ) 2 Pp for i = 0; : : : ; n � 1g such that
Assumptions 2.1{2.4 are satis�ed.

The construction of shape functions ' i that satisfy Assumptions 2.1{2.4 will
be the topic of Section 2.3.

2.2 Appro ximation prop erties of systems repro ducing
polynomials

SpacesVN that satisfy Assumptions 2.1{2.4 inherit the local approximation
properties of polynomials:

Theorem 2.6. Suppose Assumptions 2.1{2.4 hold. Let � , C > 0 be given.
Choose for each x i a ball eB i with radius r i � Chi such that B � h j (x j ) � eB i

for all j 2 n(i ) and eB i � 
 i (see Fig. 2.1).
Then there exists a linear operator QN : L 1(Rd) ! VN with the following
approximation property: For u 2 H k (Rd), k 2 N0, with

P N
i =1 kuk2

H k ( eB i )
< 1

we have for s = 0; : : : ; minf k; r stab g

ku � QN uk2
H s (
) � C

NX

i =1

h2(min f p+1 ;k g� s)
i kuk2

H k ( eB i )
:

Remark 2.7. Theorem2.6 could be generalizedto approximation in the space
W k ;q (
). Additionally , the proof shows that the balls eB i could be replaced
with other set, e.g., squares,rectangles.
Inspection of the proof also shows that it is su�cien t to have u de�ned on
[ N

i =1
eB i instead of Rd.
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Proof of Theorem 2.6. We abbreviate � := minf k; p + 1g and denote by � j

the characteristic function of the patch 
 j , i.e., � j (x) = 1 if x 2 
 j and
� j (x) = 0 if x 62
 j . We note that Assumption 2.1 gives

1 �
NX

j =1

� j (x) � M 8x 2 
 : (2.1)

For each patch 
 i we choosewith the aid of the polynomial approximation
result TheoremB.1 (and, for the caseminf k; p+1 g < minf k; r stab g the inverse
estimate Theorem B.3 together with the assumption hi � 1) a polynomial
� i 2 Pp such that

ku � � i kH s ( eB i ) � Cr � � s
i kukH k ( eB i ) ; s = 0; : : : ; minf k; r stab g: (2.2)

We then de�ne the desiredapproximation QN u by

QN u :=
NX

i =1

� i (x i )' i : (2.3)

Note that the map u 7! QN u is linear since the maps uj eB i
7! � i , whose

existence is ascertained in Theorem B.1, is linear. By Assumption 2.2 we
have for each i 2 f 1; : : : ; N g

� i (x) =
NX

j =1

� i (x j )' j (x) 8x 2 
 : (2.4)

For each i 2 f 1; : : : ; N g we can write

u � QN u = u �
NX

j =1

� j (x j )' j

= (u � � i ) +
NX

j =1

[� i (x j ) � � j (x j )] ' j =: T1;i + T2;i :

Since the patches 
 i , i = 1; : : : ; N , cover 
 by Assumption 2.1, we get for
each s = 0; : : : ; minf k; r stab g

ku � QN uk2
H s (
) �

NX

i =1

ku � QN uk2
H s (
 i \ 
)

� 2
NX

i =1

kT1;i k2
H s (
 i \ 
) + kT2;i k2

H s (
 i \ 
) :

Using (2.2) we can estimate kT1;i kH s (
 i \ 
) by

kT1;i kH s (
 i \ 
) � Ch� � s
i kukH k ( eB i ) s = 0; : : : ; minf k; r stab g: (2.5)
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Hence,
P N

i =1 kT1;i k2
H s (
 i \ 
) can be estimated in the desiredfashion. For the

term involving the functions T2;i , we use Assumptions 2.3 to get for any
� 2 Nd

0 with j� j = s 2 f 0; : : : ; minf k; r stab gg

jD � T2;i (x)j � C
NX

j =1

j� i (x j ) � � j (x j )jh� s
j � j (x):

Thus, we get for the H s-semi norm of T2;i on 
 i \ 
:

jT2;i j2H s (
) � C
Z


 i \ 


�
�
�
�
�
�

NX

j =1

j� i (x j ) � � j (x j )jh� s
j � j

�
�
�
�
�
�

2

� CM
Z


 \ 
 i

NX

j =1

j� i (x j ) � � j (x j )j2h� 2s
j � j

� CM
Z




X

j 2 n ( i )

j� i (x j ) � � j (x j )j2h� 2s
j � j � i ; (2.6)

wherewe exploited (2.1) in the secondbound and, in the last bound, we used
the observation that � j (x)� i (x) 6= 0 can only happen if j 2 n(i ). For j 2 n(i )
we bound j� i (x j ) � � j (x j )j � k� i � � j kL 1 (B � h j (x j )) , note that � i � � j 2 Pp,
and usethe polynomial inverseestimate Theorem B.3 to get

k� i � � j kL 1 (B � h j (x j )) � Ch� d=2
j k� i � � j kL 2 (B � h j (x j ))

� Ch� d=2
j

h
ku � � i kL 2 (B � h j (x j )) + ku � � j kL 2 (B � h j (x j ))

i
:

Using B � h j (x j ) � eB j \ eB i , we then get from (2.2) and Assumption 2.4

k� i � � j kL 1 (B � h j (x j )) � Ch� d=2
j

h
h�

j kukH � ( eB j ) + h�
i kukH � ( eB i )

i
:

Inserting this in (2.6) and using Assumption 2.4 gives

jT2j2H s (
 i \ 
) �

CM
Z




NX

j =1

h
h2( � � s) � d

j kuk2
H k ( eB j )

+ h2( � � s) � d
i kuk2

H k ( eB i )

i
� j � i :

The sum
P N

i =1 jT1;i j2H s (
 \ 
 i ) can then be bounded by using again (2.1)

NX

i =1

jT2;i j2H s (
 i \ 
) � CM
Z




NX

j =1

NX

i =1

h2( � � s) � d
i kuk2

H k ( eB i )
� i � j

� CM 2
NX

i =1

h2( � � s) � d
i kuk2

H k ( eB i )

Z



� i � CM 2

NX

i =1

h2( � � s)
i kuk2

H k ( eB i )
:
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This concludesthe proof of the theorem. ut
Theorem 2.6 assumesu to be de�ned on Rd. An extension result, e.g., The-
orem A.1, allows us to treat the caseof bounded domains:

Corollary 2.8. Let 
 � Rd be a Lipschitz domain. Assume that the balls
eB i of Theorem 2.6 satisfy additionally an overlap condition, i.e., for some
M 2 N we have

sup
x 2 Rd

cardf i 2 N j x 2 eB i g � M :

Then there exists a linear map QN : L 1(
) ! VN such that for each k 2 N0

there exists C > 0 with

ku � QN ukH s (
) � hmin f p+1 ;k g� skukH k (
) ; s = 0; : : : ; minf p + 1; r stab g;

where h := maxi =1 ;::: ;N hi .

Proof. Let eQN be the linear operator of Theorem 2.6 and let E : L 1(
) !
L 1(Rd) be the extension operator of Theorem A.1. Set QN := eQN � E .
Then by abbreviating � := minf p + 1; kg we get from Theorem 2.6 for
s = 0; : : : ; minf r stab ; kg

ku � QN uk2
H s (
) = kEu � eQN Euk2

H s (
) � C
NX

i =1

h2( � � s)
i kEuk2

H k ( eB i )

� Ch2( � � s)
NX

i =1

kEuk2
H k ( eB i )

� Ch2( � � s) M 2kEuk2
H k (Rd ) ;

here, the last step followed from arguments analogousto those employed in
the proof of Theorem 2.6. The extensionoperator E �nally has the property
kEukH k (Rd ) � CkukH k (
) , which allows us to concludethe proof. ut

Appro ximation of singular functions The diameters of the balls eB i in
Theorem 2.6 play the role of the local meshsizein the classicalFEM approx-
imation theorem. In the classicalFEM, meshesthat are locally re�ned are
important, for example, for the treatment of elliptic boundary value prob-
lems in domains with piecewisesmooth geometries.The solutions of such
problems exhibit singularities (the functions Sj i of (6.2) are a typical exam-
ple), which can be resolved in the classicalFEM by the useof appropriately
graded meshes,[93,8]. In fact, the optimal rate of convergence,as measured
in error versusproblem size,can be recovered. Meshlessmethods can mimic
this mesh re�nement of the classical FEM by an appropriate clustering of
particles and a corresponding shrinking of the diametersof the balls eB i . The
following two Exercises2.10, 2.11 illustrate this.
To stressthe analogyof our approach in Exercises2.10,2.11with the classical
FEM situation and to motivate the distribution of the diameters of the balls
eB i , we �rst recall the following example (see,e.g., [94, Sec.3.3.7]):
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Example 2.9. Let 
 = (0; 1) and u(x) = x � , � 2 (1=2; 1). Fix p 2 N and
� > p+1 =2

� � 1=2 . Consider a meshT consisting of N intervals I i , i = 0; : : : ; N � 1,
such that

diam I 0 � Ch� ; diam I i � h dist( I i ; 0)1� 1=� ; i = 1; : : : ; N � 1: (2.7)

Then, for someC > 0 independent of N we have

inf
v2 Sp; 1 (T )

ku � vkH 1 (
) � CN � p;

i.e., the optimal rate of convergenceis recovered. A speci�c mesh T that
satis�es (2.7) is determined by the nodesx i , i = 0; : : : ; N , where x i = �( bx i ),
�( x) = x � , and bx i = ih for h = 1=N .

The function � of Example 2.9 mapsa uniform node distribution to a highly
non-uniform one that is suitable for the approximation of the function x 7!
x � . We usethis function � to create particle distributions, and we use(2.7)
as a guideline for our choiceof the diameters of the patches
 i and the balls
eB i in the following Exercise2.10.We will show there that this choiceleadsto
patchesthat satisfy Assumptions 2.1, 2.4, and we will seethat polynomials of
degreep have good approximation properties on the balls eB i . The construc-
tion of concrete shape functions associated with these patches that satisfy
Assumptions 2.2, 2.3 is postponed until Exercise2.22.Corresponding results
exist for two-dimensionalproblems and are sketched in Exercises2.10, 2.23.

Exercise 2.10. Let 
 = (0; 1), u(x) = x � for some� 2 (1=2; 1). Fix p 2 N0

and choose� � p+1 =2
� � 1=2 > 1. De�ne

�( x) := x � :

For N 2 N set h = 1=N , bx i := ih , i = 0; : : : ; N , and de�ne the particles
X N = f x i j i = 0; : : : ; N g by x i = �( bx i ). Let � > 0 be a parameter and
choosefor each particle x i

� i = �

(
hx1� 1=�

i i � 1;

x1 i = 0:

Let a shape function ' i be associated with particle x i . Assumefurthermore
that 
 i := (supp ' i )� = B � i (x i ).

(a) Show: For each �xed M there holds � i � h� for i 2 f 0; : : : ; M g (The
constants of the � -notation depend on � , � , M ).

(b) Show: There exist � , � 0 (depending only on � , � ) such that

B �h (bx i ) \ 
 � � � 1(B � i (x i ) \ 
) � B � 0h (bx i ) \ 
 i = 0; : : : ; N :

Conclude that Assumption 2.1 is satis�ed.
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(c) Show: Assumption 2.4 is satis�ed.
(d) Let Ccomp be the constant of Assumption 2.4, whoseexistencewas ascer-

tained in (c). Set eB i := B e� i (x i ) with e� i := (1 + (1 + � )Ccomp )� i . Show:
B � i (x i ) \ B � j (x j ) 6= ; implies B � � j (x j ) � eB i .

(e) Show: The balls eB i , i = 0; : : : ; N satisfy an overlap condition, i.e., there
existsM > 0 (dependingonly on � , � ) such that cardf j j eB i \ eB j 6= ;g � M
for all i 2 f 0; 1; : : : ; N g.

(f ) Let I 1 := f i 2 f 0; : : : ; N g j dist( eB i ; 0) � 2e� i g. Show: For i 2 I 1 the
point ex i := inf f x j x 2 eB i g satis�es ex i � x i . Furthermore, there exist
polynomials � i 2 Pp such that

ku � � i kL 2 ( eB i ) + e� i k(u � � i )0kL 2 ( eB i ) � Ce� p+3 =2
i ex � � 1� p

i :

(g) Set I 2 := f 1; : : : ; N g n I 1. Show: I 2 � f 1; : : : ; M g for someM > 0 inde-
pendent of N . Show: For each i 2 I 2 one can �nd a � i 2 P1 such that

ku � � i kL 2 (
 \ eB i ) + e� i k(u � � i )0kL 2 (
 \ eB i ) � Ce� � +1 =2
0 ;

ku � � i kL 1 (
 \ eB i ) � Ce� �
0 :

(h) Assume that the shape functions ' i satisfy Assumptions 2.2, 2.3. (We
will see in Exercise 2.22 that such functions can be constructed with
the moving least squaresprocedure if � is chosensu�cien tly large). By
adapting the proof of Theorem 2.6 show that the approximation space
VN = spanf ' i j i = 0; : : : ; N g satis�es

inf
v2 VN

ku � vkH 1 (
) � Chp = CN � p:

A similar idea leadsto approximation results in two spatial dimensions:

Exercise 2.11. De�ne for h = 1=n the uniform particle distribution bX n =
f bx ij = (ih; j h) j 0 � i; j � ng. For some� > 1, let � : R2 ! R2 be given by
�( x) = kxk� � 1

2 x. De�ne the particle distribution X n := f x ij = �( bx ij ) j 0 �
i; j � ng. Associate with each particle x ij a radius

� ij = �

(
hkx ij k1� 1=�

2 if (i; j ) 6= (0; 0)

h� if i = j = 0,

where � > 0 is a parameter. The patches 
 ij are taken as 
 ij := B � ij (x ij ).
Set 
 := (0; 1=2)2.

(a) Proceedas in Exercise2.10 to show that Assumptions 2.1 and 2.4 hold.
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(b) Assumethat the shape functions ' ij , i; j = 0; : : : ; n, that are associated
with the nodesx ij satisfy additionally Assumptions2.2,2.3. (Wewill show
in Exercise2.23 that this can be achieved by taking � su�cien tly large).
Consider a function u in polar coordinates (r; ' ) of the form u = r � �( ' ),
where � > 0 and � : (� "; � =2 + ") ! R for some" > 0 is smooth. Show:
If � > p

� , then

inf
v2 VN

ku � vkH 1 (
) � Chp; h =
1
n

�
1

p
N

;

where N denotesthe number of particles. Note that this is the optimal
rate of convergence.

2.3 Construction of shap e functions with the moving least
squares pro cedure

The approximation result Theorem 2.6hingeson Assumptions2.1{2.4. In the
present section we construct shape functions that satisfy theserequirements.

Motiv ation from scattered data �tting Oneapproach to construct shape
functions ' i from a collection of particles X N is basedon the so-calledmoving
least squares(MLS) technique that we describe in more detail in this section.
The MLS technique was devised to �t a \smooth" function x 7! I f to a
collection of givenscattereddata (x i ; f i ), i = 1; : : : ; N , obtained, for example,
from measurements. Here, the points x i , i = 1; : : : ; N , are N distinct points
and the \smooth" function I f that is sought should satisfy I f (x i ) � f i ,
i = 1; : : : ; N . The idea is to de�ne the value I f (x) for a given x asa weighted
average of the given data f i . More speci�cally , one choosesa polynomial
degreep 2 N0 and for each i 2 f 1; : : : ; N g a weight wi (x) � 0 and then
de�nes

I f (x) := � (x); (2.8)

where the polynomial � 2 Pp is the solution of the minimization problem:

Find � 2 Pp s.t.
NX

i =1

jf i � � (x i )j2wi (x) �
NX

i =1

jf i � v(x i )j2wi (x) 8v 2 Pp:

(2.9)

Remark 2.12. The choice of the weight functions x 7! wi (x) depends, of
course, on the application. In practice, the weight function x 7! wi (x) is
chosento have small support or to decay rapidly as kx � x i k ! 1 so as to
give the data points x i closeto x more weight than data points far from x.

Under reasonableassumptionson the weight functions wi , the minimization
problem is uniquely solvable. As we will show in Theorem 2.13, this solution
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I f takesthe form

I f (x) =
NX

i =1

f i ' i (x) (2.10)

for some functions ' i . Theorem 2.13 also provides an explicit formula for
the functions ' i . Their di�eren tiabilit y properties are then analyzed in The-
orem 2.20. The goal of this section is to show that the functions shape func-
tions ' i , which are motivated by the above data �tting technique, satisfy
the assumptions of the approximation result Theorem 2.6. Indeed, we will
discover that Assumption 2.2 is ensuredby construction and that Assump-
tion 2.3 can be satis�ed if, roughly speaking, each particle has su�cien tly
many neighbors. Assumptions 2.1, 2.4 have to be checked separately.

Construction of the shap e functions The shape functions ' i appearing
in (2.10) are constructed in the following theorem.

Theorem 2.13. Let particles X N = f x i j i = 1; : : : ; N g and weight functions
wi 2 C(Rd) with wi � 0, i = 1; : : : ; N be given. Set 
 i := (suppwi )� . Assume
that for eachx 2 
 the setX (x) := f x i j i 2 n(x)g is Pp-unisolvent1. Then the
approximant I f of (2.8), (2.9) is well-de�ned, and there are unique functions
' i , i = 1; : : : ; N , depending solely on X N and the weight functions wi such
that

I f (x) =
NX

i =1

f i ' i (x):

Moreover, we have the representation formula

' i (x) = wi (x)
QX

k=1

� k (x)� k (x i ); i = 1; : : : ; N ; (2.11)

where f � k j k = 1; : : : ; Qg is an arbitrary basis of Pp, and the values � k (x)
are the unique solution of the linear system

QX

k=1

NX

i =1

wi (x)� k (x i )� l (x i )� k (x) = � l (x); l = 1; : : : ; Q: (2.12)

Proof. We follow the presentation of [109].We �x x � 2 
 and seek� 2 Pp of
(2.8) in the form � =

P Q
l=1

e� l � l . The minimization problem (2.9) then leads
to the following system of equations: Find e� l , l = 1; : : : ; Q, such that

NX

i =1

wi (x � )

 

f i �
QX

l =1

e� l � l (x i )

!

� k (x i ) = 0; k = 1; : : : ; Q: (2.13)

1 A set Y � Rd is Pp -unisolvent, if � 2 Pp and � (y) = 0 for all y 2 Y implies
� � 0.
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We proveunique solvabilit y of this linear systemof equationsby proving that
the symmetric matrix G 2 RQ� Q with entries G k l =

P N
i =1 wi (x � )� l (x i )� k (x i )

is symmetric positive de�nite: For a 2 RQ we compute

a> Ga =
NX

i =1

wi (x � )

�
�
�
�
�

QX

k=1

ak � k (x i )

�
�
�
�
�

2

;

in view of the assumptionwi � 0, weconcludethat G is positivesemi-de�nite.
If G werenot positive de�nite, then there existed a vector a 2 RQ with a 6= 0
such that a> Ga = 0. Hence,for the non-trivial polynomial e� =

P Q
k=1 ak � k ,

we would have e� (x i ) = 0 for all x i 2 X (x � ), since x i 2 X (x � ) implies
x i 2 (suppwi )� , i.e., by wi 2 C(Rd) we have wi (x � ) > 0. But then e� = 0 by
our assumption of unisolvence.We have thus arrived at a contradiction and
concludethat G is positive de�nite.
We now evaluate I f (x � ) = � (x � ) (writing wi = wi (x � ), � k = � k (x � ))

� (x � ) =
QX

l =1

e� l � l (x � )
(2 :12)

=
X

i;k ;l

e� l � k wi � k (x i )� l (x i )
(2 :13)

=
X

i;k

f i � k � k (x i );

which leadsto the desiredrepresentation formula (2.11). ut

Exercise 2.14. Show: For p = 0 the functions ' i are given by

' i (x) =
wi (x)

P N
j =1 wj (x)

=
wi (x)

P
j 2 n ( i ) wj (x)

: (2.14)

Thesefunctions are called Shephardfunctions, [97].

An important observation is that the functions ' i constructed by the MLS
procedurereproduce polynomials, i.e., they satisfy Assumption 2.2:

Exercise 2.15. Show that the functions ' i satisfy Assumption 2.2, i.e.,

NX

i =1

� (x i )' i (x) = � (x) 8x 2 
 8� 2 Pp: (2.15)

Remark 2.16. The representation formula (2.11) shows that the functions
' i can be evaluated at a point x 2 
 by solving a Q � Q system of linear
equations.Likewise,by di�eren tiating the linear system(2.12), it is clear that
also the valuesof derivativesof the functions x 7! � k (x) can be obtained as
solutions of linear systems;therefore, derivativesof the functions ' i can be
determined. The questionof boundsof the derivativesof the functions ' i will
be discussedin more detail in Theorem 2.20.
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The weight functions wi have to be chosenby the user. A popular form is

wi (x) = w
�

x � x i

� i

�
; (2.16)

where the window function w is of one of the following types:

1. w is radial, i.e., w(z) = ew(kzk) for some ew : R+
0 ! R+

0 ;
2. w has tensor product form, i.e., w(z) =

Q d
j =1 ~wj (zj ).

We note that if the window function w is compactly supported, then the
parameter � i in (2.16) is a measure for the support size and � i � hi =
diam 
 i . In this situation, the univariate functions ew or ewj are often taken
to be compactly supported splines, e.g., the symmetric part of the classical
piecewisecubic C2 B-spline given by

w(r ) =

8
<

:

4 � 6r 2 + 3r 3 for 0 � r � 1;
(2 � r )3 for 1 < r � 2;
0 for r > 2.

Remark 2.17. If the window function is a radial function and has compact
support, then the norm k � k on Rd can be still be chosen.For example, the
patches
 i can be balls (or, more generally, ellipsoids) if k � k is taken as the
Euclidean norm; the patches
 i can be cubesif k � kl 1 is chosen.

Regularit y of the shap e functions Our analysis of the di�eren tiabilit y
properties of the functions ' i in Theorem 2.20 below will be basedon the
assumptionthat the weight functions wi aredeterminedby a window function
w via (2.16). This window function w will be required to satisfy

Assumption 2.18. The window function w 2 Ck (Rd) satis�es w(x) � 0 for
all x 2 Rd, and (suppw) � = B1(0).

Remark 2.19. We take B1(0) as the unit ball with respect to the Euclidean
norm. This is not essential, however, and results analogousto Theorem 2.20
below hold if we replacethe Euclidean norm with another norm on Rd.

The formula (2.14) for the special case p = 0 suggeststhat ' i 2 Ck if
the weights wi are determined by a window function w satisfying Assump-
tions 2.18. Roughly speaking, if for every x 2 
 the number of particles in
the vicinit y of x, i.e., cardn(x), is su�cien tly large, then the shape functions
' i are indeedassmooth as the window function. In order to prove this result
in Theorem 2.20 below, we intro duce the �ll distance function h by

h(x) := dist(x; X N ) (2.17)

and can now formulate:
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Theorem 2.20. Let 
 satisfy a cone condition with angle � and radius r .
Let � 2 (0; 1), X N = f x i j i = 1; : : : ; N g � Rd and f � i j; i = 1; : : : ; N g � R+ .
Set

�̂ i := minf � i ; r g; i = 1; : : : ; N ;

and assumethe covering condition


 � [ N
i =1 B � �̂ i (x i ): (2.18)

Let w satisfy Assumption 2.18, de�ne the weight functions wi (x) := w( x � x i
� i

)
with corresponding patches
 i = (suppwi )� = B � i (x i ). Supposethat Assump-
tion 2.4 is valid. Let p 2 N0.
Then there exist � > 0 and C > 0 (depending only on � , r , � , p, k, Ccomp )
such that if

sup
x 2 B �̂ i (x i ) \ 


h(x) � � �̂ i 8x i 2 X N ; (2.19)

then the functions ' i of (2.11) satisfy ' i 2 Ck (Rk ), supp' i � B � i (x i ), and

kD � ' i kL 1 (
) � C� �j � j
i 8� 2 Nd

0; j� j � k: (2.20)

Before proving Theorem 2.20 it is instructiv e to check that the assumptions
of Theorem 2.20 can be satis�ed in simple circumstances.

Example 2.21. The assumption(2.19) is often formulated in a simpler, global
way. If we de�ne the �l l distance h := supx 2 
 h(x) and use constant � i = �
for all i 2 f 1; : : : ; N g, then (2.19) merely requires that h be su�cien tly small
comparedto � , the sizeof the supports of the patches
 i .

We have seenExercises2.10, 2.11 two examplesof highly non-uniform par-
ticle distributions and greatly varying patchessizesthat are suitable for the
approximation of singularity functions. The following two exercisesshow that
the assumptions of Theorem 2.20 can be ful�lled in such circumstancesas
well.

Exercise 2.22. In Exercise2.10we constructed particles and patch sizesthat
were appropriate for the approximation of the singular function x 7! x � . We
assumed,however, that the shape functions ' i satis�ed Assumptions 2.2 and
2.3.Show that by choosing� in Exercise2.10su�cien tly large, the hypotheses
of Theorem 2.20are satis�ed. Concludethat the shape functions obtained by
the MLS technique yield the optimal approximation result of Exercise2.10.
Hint: Show that the �ll distance function h satis�es

h(x) � C
h
hx1� 1=� + h�

i

for a constant C > 0 independent of � and N .
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Exercise 2.23. Assumethe hypothesesof Exercise2.11. Show: If � is chosen
su�cien tly large, then the hypothesesof Theorem 2.20 are satis�ed.
Hint: Show that the �ll distancefunction h satis�es h(x) � C

�
hkxk1� 1=�

2 + h�
�

for a constant C > 0 independent of � and N .

Proof of Theorem 2.20. The proof is broken up into several steps.
1. step: We notice that the representation formula (2.11) is independent of
the choice of the basis of Pp. In particular, we may chose for each x � 2 

a di�eren t basis. We will exploit this observation as follows: First, we �x a
basis f e� k j k = 1; : : : ; Qg of Pp; then, for each �xed x � 2 
, we de�ne the
basis f � k j k = 1; : : : ; Qg by

� k (x) := e� k (
x � x �

� �
);

where, for somearbitrary (but �xed) i � 2 n(x � ) we set

� � := � i � :

(Note that the covering condition (2.18) guarantees that n(x � ) 6= ; ). Since
2� i = hi = diam 
 i = diam B � i (x i ), Assumption 2.4 guaranteesthat

� � C � 1
comp � � j � � � Ccomp 8j 2 n(x � ): (2.21)

We next de�ne the matrix G(x � ) 2 RQ� Q with entries

G k l (x � ) :=
NX

i =1

wi (x � )� k (x i )� l (x i ) =
X

i 2 n (x � )

w(
x � � x i

� i
)e� k (

x � � x i

� �
)e� l (

x � � x i

� �
):

By Theorem 2.13 the function value ' i (x � ) is given by

' i (x � ) = wi (x � )
QX

k=1

� k (x � )� k (x i ); (2.22)

where the vector � (x � ) = (� 1(x � ); : : : ; � Q (x � ))> 2 RQ is the solution of the
linear system

G(x � )� (x � ) =

0

B
@

e� 1(0)
...

e� Q (0)

1

C
A : (2.23)

In order to get bounds on the derivatives of ' i , we need to get bounds on
the derivatives of the function � . In this direction, we �rst notice that the
product rule together with (2.21) gives

jD � G(x � )j � C� � �
�j � j 8� 2 Nd

0; j� j � k; (2.24)
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where the constant C� dependsonly on � , the function w, and the choice of
basis f e� l j l = 1; : : : ; Qg. The analogousbound

jD � G � 1(x � )j � C� � �
�j � j 8� 2 Nd

0; j� j � k; (2.25)

holds by Cramer's rule, provided that we can show the existenceof C > 0
such that

inf
x � 2 


j det G(x � )j � C > 0: (2.26)

From (2.25) followsa bound similar to (2.25) for the derivativesof the solution
� l , l = 1; : : : ; Q of (2.23); the product rule applied to (2.22) together with
(2.21) then givesthe desiredbound (2.20) for the shape functions ' i . We are
thus left with establishing (2.26).
2. step: To see(2.26) we prove a lower bound on the smallest eigenvalue of
the symmetric matrix G(x � ). To that end, let a 2 RQ be arbitrary but �xed.
We de�ne the polynomial

� :=
QX

k=1

ak � k

and observe

a> G(x � )a =
X

i;k ;l

wi (x � )ak al � k (x i )� l (x i ) =
NX

i =1

wi (x � )j� (x i )j2: (2.27)

We wish to exploit that Assumption 2.18 givesus the existenceof Cmin > 0
such that

minf w(x) j x 2 B � (0)g = Cmin > 0: (2.28)

To do so, we de�ne � < 1=2 by

� :=
1
2

�
Ccomp

�
1
2

� <
1
2

; (2.29)

where we used Ccomp � 1. Next, we choose� appearing in (2.19) according
to the de�nition (2.33) below; in particular, therefore, � < � so that there
exists an index i 2 N such that x � 2 B � �̂ i (x i ). We �x this index and de�ne

en(x � ) := f j 2 N j x j 2 X N \ B � �̂ i (x � )g: (2.30)

Our goal in this 2. step is to show

a> G(x � )a �
X

j 2 en (x � )

wj (x � )j� (x j )j2 � Cmin

X

j 2 en (x � )

j� (x j )j2: (2.31)

The �rst bound in (2.31) is obvious sincewj � 0 for all j . To seethe second
estimate, in view of (2.28), it su�ces to seekx j � x � k2 < � �̂ j for j 2 en(x � ).
Let therefore j 2 en(x � ). Then

kx j � x i k2 � kx j � x � k2 + kx i � x � k2 < 2� �̂ i � �̂ i ;
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where in the last step, we used � � 1=2. Hence, x j 2 B � i (x i ), and thus
j 2 n(i ). We concludewith Assumption 2.4

�̂ i � Ccomp �̂ j 8j 2 en(x � ):

Together with the de�nition of � in (2.29), we arrive at the desired bound
kx j � x � k2 < � �̂ i � � Ccomp �̂ j � 1

2 � �̂ j � � �̂ j .
3. step: To get further, we apply Lemma 2.24. Our choice of � above is
preciselythe choiceof Lemma 2.24so that we can �nd C > 0 depending only
on 
, � , and p such that

k� kL 1 (B �̂ i (x � )) � C maxfj � (x j )j j j 2 en(x � )g:

Thus, we get from (2.31)

a> G(x � )a � Ck� k2
L 1 (B �̂ i (x � )) :

In view of (2.21), we get from Bernstein's estimate Lemma B.4 the existence
of C > 0 (depending only on p, Ccomp and the parameter r of the cone
condition) such that k� kL 1 (B � � (x � )) � Ck� kL 1 (B �̂ i (x � )) . Thus, we get

a> G(x � )a � Ck� k2
L 1 (B � � (x � )) : (2.32)

To control the smallest eigenvalue of G(x � ), we are therefore left with esti-
mating

P Q
k=1 jak j2 by k� k2

L 1 (B � � (x � )) . We achieve this by a scalingargument:
We de�ne the function � (x) := � ((x � x � )=� � ) on B1(0) and note

� (x) =
QX

k=1

ak e� k (x):

We observe k� kL 1 (B 1 (0)) = k� kL 1 (B � � (x � )) . By the equivalenceof norms on
�nite dimensionalspace,we then get the existenceof C > 0 (depending solely
on p and the choice of the basis f e� k j k = 1; : : : ; Qg) such that

C � 1
QX

k=1

jak j2 � k� k2
L 1 (B 1 (0)) � C

QX

k=1

jak j2:

This establishesthe desiredlower bound on the eigenvaluesof G(x � ). Finally,
we note that this bound holds in fact uniformly in x � 2 
, thus completing
the proof of (2.26). ut
The following lemma allows us to bound the L 1 -norm of a polynomial in
terms of values in discrete points:

Lemma 2.24. Let X N = f x i j i = 1; : : : ; N g � Rd and f � i j i = 1; : : : ; N g �
R+ . Let 
 � Rd satisfy an interior cone condition with angle � and radius
r > 0. De�ne

�̂ i := minf � i ; r g; i = 1; : : : ; N :
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Fig. 2.2. Notation for Lemma 2.24. Left: Ball eB . Right: Location of x̂, x � , x j .

Let � 2 (0; 1] and p 2 N0. Set

� := �
sin �

1 + sin �
min

�
1
3

;
1

36p2

�
: (2.33)

Then the following holds: If 
 � [ N
i =1 B �̂ i (x i ) and if for all i 2 f 1; : : : ; N g

sup
y2 B �̂ i (x i ) \ 


h(y) � � �̂ i ; (2.34)

then for each x 2 
 and any x i 2 X N \ B �̂ i (x) and all � 2 Pp

k� kL 1 (B �̂ i (x )) � k� kL 1 (B 2 �̂ i (x i ))

� 2
�

4(1 + sin � )
� sin �

� p

maxfj � (x j )j j x j 2 X N \ B � �̂ i (x)g:

Proof. The proof follows the arguments of [109]and proceedsin several steps.
We �x x 2 
 \ B �̂ i (x i ) and � 2 Pp. We also de�ne

z := �
sin �

1 + sin �

and note that � , z are chosensuch that

3� � z:

1. step: By the conecondition, there exists a coneC1 = C(x; � ; � ; � �̂ i ) � 
.
Elementary geometric considerations(seeFig. 2.2) then show the existence
of a ball eB = Bz�̂ i (x̂), where x̂ = x + �

1+sin � � with the following properties:

eB � C1 � 
 \ B � �̂ i (x) \ B2�̂ i (x i ): (2.35)
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2. step: From Lemma B.4, we get

k� kL 1 (B 2 �̂ i (x i )) �
�

4
z

� p

k� kL 1 ( eB ) : (2.36)

It therefore su�ces to bound k� kL 1 ( eB ) in terms of the values of � in the
discrete set X N \ B � �̂ i (x). Towards this goal, we construct in this 2. step an
x j 2 X N \ B � �̂ i (x) that will be seenin the 4. step to have the property that

j� (x j )j is comparableto k� kL 1 ( eB ) . Choosex � 2 eB such that

k� kL 1 ( eB ) = j� (x � )j:

We claim the existenceof x j 2 X N \ eB \ B3� �̂ i (x � ). To seethis, we recall
that x̂ is the center of eB and de�ne the auxiliary point

x � :=

(
x � + 2� �̂ i

1
kx̂ � x � k2

(x̂ � x � ) if x � 6= x̂;

x � if x � = x̂.

Since 3� � z, elementary considerationsshow kx � � x̂k2 < (z � � )�̂ i ; hence
B � �̂ i (x � ) � eB . The assumption (2.34) then implies the existenceof an x j 2
X N \ B � �̂ i (x � ) � X N \ eB . By the triangle inequality we furthermore get
x j 2 B3� �̂ i (x � ).
3. step: Let x j be the point constructed in the 2. step and set

� :=
1

kx j � x � k2
(x j � x � ) if x j 6= x � .

If x j = x � , then choosean arbitrary � 2 Rd with k� k2 = 1. We claim:

f x � + t� j t 2 [0; 1
3 z�̂ i ]g � eB :

To seethis, we �rst note that the casex � = x̂ is trivial. We therefore assume
that x � 6= x̂. From the 2. step we recall

kx � � x j k2 � � �̂ i ; kx � � x � k2 = 2� �̂ i ; (2.37)

so that we can conclude
kx j � x � k2 � � �̂ i : (2.38)

In order to seethat x � + t� 2 eB for t 2 [0; 1
3 z�̂ i ] we write

x j = x � + (x j � x � ) = x � +
2� �̂ i

kx̂ � x � k2
(x̂ � x � ) + (x j � x � ):

and compute

kx � + t� � x̂k2 �

�
�
�
�kx � � x̂k2 �

2� �̂ i

kx j � x � k2
t

�
�
�
� +

kx j � x � k2

kx j � x � k2
t:
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Requiring
�
�
�
�kx � � x̂k2 �

2� �̂ i

kx j � x � k2
t

�
�
�
� +

kx j � x � k2

kx j � x � k2
t � z�̂ i

is equivalent to the following two inequalities:

kx � � x̂k2 � z�̂ i �
2� �̂ i � kx j � x � k2

kx j � x � k2
t and

t � (kx � � x̂k2 + z�̂ i )
kx j � x � k2

2� �̂ i + kx j � x � k2
;

which are indeed both satis�ed for t 2 [0; 1
3 z�̂ i ] in view of kx � � x̂k2 � z�̂ i

and (2.37), (2.38).
4. step: We now turn to estimating j� (x � )j in terms of j� (x j )j. To that end,
we de�ne with the vector � of the fourth step the polynomial

p(t) := � (x � + t� ); t 2 [0; 1
3 z�̂ i ];

and note that x j = x � + � � for some� with 0 � � � 3� �̂ i sincex j 2 B3� �̂ i (x � ).
Additionally , we have (for p � 1) in view of the de�nition of � that � � 1

3 z.
Using Markov's inequality (see,e.g., [33, Chap. 4, Thm. 1.4]), we can bound

j� (x � ) � � (x j )j = jp(kx � � x j k2) � p(0)j =

�
�
�
�

Z �

0
p0(t) dt

�
�
�
�

� � kp0k
L 1 (0 ; 1

3 z�̂ i )
�

2� p2

1
3 z�̂ i

kpk
L 1 (0 ; 1

3 z�̂ i )
�

18�
z

p2k� kL 1 ( eB ) :

Recalling now that j� (x � )j = k� kL 1 ( eB ) , we get

k� kL 1 ( eB ) �
1

1 � 18p2� =z
j� (x j )j:

This estimate is also trivially true for p = 0. We therefore conclude, since
x j 2 X N \ eB � X N \ B � �̂ i (x)

k� kL 1 (B 2 �̂ i (x i )) �
�

4
z

� p 1
1 � 18p2� =z

maxf x j j x j 2 X N \ B � �̂ i (x)g:

Using � � 1
36p2 z and the de�nition of z, we arrive at the desiredbound. ut

Exercise 2.25. Assumption 2.18 requires the function w to be k-times con-
tinuously di�eren tiable. Consider what assumptions (e.g., on the de�nition
of n(x)) needto be changedif w is in Ck � 1;1.
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2.4 Bibliographical Remarks

The construction of the QN in the proof of Theorem 2.6 that is based on
point evaluations of locally approximating polynomials is just one possible
technique; variations of such constructions can be found in [6,1]. The proof
of the stabilit y result Theorem 2.20 follows in essence[109]. Variants can be
found, for example, in [55,41,1].
The moving least squarestechnique originates from scattered data approxi-
mation. Early referencesinclude [97,45]. It is, however, just one way of gen-
erating shape functions that reproducepolynomials. Alternativ esinclude the
reproducing kernel particle methods (RKPM), [72{75,70].
One reasonfor intro ducing meshlessmethods is to alleviate the costly mesh-
ing. Completely regular mesheson the other hand are very simple to gener-
ate and have many advantages.With this in mind, the web-splines(weighted
extended B-splines) were intro duced in [57]. The computational domain is
coveredwith a regular meshon which standard splinescan be de�ned easily.
Appropriate adjustments near the boundary are made to be able to handle
essential boundary conditions.

3 Appro ximation prop erties of radial basis functions

A secondclassof shape functions that can be motivated from scattered data
interpolation are radial basis functions (RBFs). In scattered data interpola-
tion the basic problem is as follows: given a norm k � k on Rd, a function
� : R+

0 ! R, distinct points X N = f x i j i = 1; : : : ; N g � Rd and function
valuesf i , i = 1; : : : ; N , the goal is to �nd I f of the form

I f =
P N

j =1 uj �( k � � x j k) s.t. I f (x i ) = f i i = 1; : : : ; N : (3.1)

The problem (3.1) represents a linear systemof equations.Clearly, existence
and uniquenessof I f depends on the function �. An important class for
which this can be establishedis that of positive de�nite functions �:

De�nition 3.1. A continuousfunction � : R+
0 ! R is positive de�nite , if for

any set X = f x1; : : : ; xM g of M distinct points the Gram matrix G 2 RM � M

with entries G ij = �( kx i � x j k) is symmetric positive de�nite.

Prop osition 3.2. If � is positive de�nite, then the interpolation problem
(3.1) is uniquely solvable.

Proof. Exercise. ut

Example 3.3. Classically, the norm k � k on Rd is taken to be the Euclidean
norm k � k2. Popular examplesof radial basis functions � are the Gaussians
(�( r ) = e� r 2

), Hardy's multiquadrics �( r ) =
p

1 + r 2, and the inversemul-
tiquadrics �( r ) = (1 + r 2)� 1=2. It is also a widely used practice to employ
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scaledversions, that is, to use the function e�( r ) = �( r=h) with a suitable
scalingparameter h > 0. TheseRBFs can be usedfor scattereddata interpo-
lation in any dimension.Another classis obtained by taking the fundamental
solution of the iterated Laplacian � m . For 2m � d, theseRBFs are given by
�( r ) = r 2m � d ln r if d is even and �( r ) = r 2m � d if d is odd. The function
� in the special casem = d = 2 is called the thin-plate spline since in the
Kirc hho� plate model, which is a biharmonic equation, the de
ection of an
in�nite plate under a point load coincideswith � (up to scaling).

The functions of Example 3.3 do not have bounded support. As was shown
in [106,107]it is possibleto construct RBFs that have compact support:

Example 3.4. A classof RBFs � d0;k , k 2 N0 for applications in spatial dimen-
sion d � d0 are the compactly supported RBFs of H. Wendland, [106,107].A
few examplesof this classare:

function smoothnessfor problems in Rd

� 1;0(r ) = (1 � r )+ C0 d = 1
� 1;1(r ) = (1 � r )3

+ (3r + 1) C2 d = 1
� 1;2(r ) = (1 � r )5

+ (8r 2 + 5r + 1) C4 d = 1
� 3;0(r ) = (1 � r )2

+ C0 d � 3
� 3;1(r ) = (1 � r )4

+ (4r + 1) C2 d � 3
� 3;2(r ) = (1 � r )6

+ (35r 2 + 18r + 3) C4 d � 3

With the exception of � 1;0, � 3;0, the functions � k ;d0 satisfy Assumption 3.5
below (see[107]and Exercise3.6) and hencearepositivede�nite. As in Exam-
ple 3.3 scaledversion � k ;d (r=� ) for a scaling parameter � > 0 are frequently
employed as well.

3.1 Analysis of a class of RBFs

We consider the following classof RBF functions x 7! �( kxk2):

Assumption 3.5. The Fourier transform2  of the function x 7! �( kxk2)
satis�es for some� > d=2 and C > 0

C � 1(1 + k� k2
2)� � �  (� ) � C(1 + k� k2

2)� � 8� 2 Rd:

The set of RBFs that satisfy Assumption 3.5 is not empty:

Exercise 3.6. Check that the compactly supported RBF � 1;1 of Example 3.4
for d = 1 satis�es Assumption 3.5 with � = 2.

2 f̂ (� ) = 1
(2 � ) d

R
Rd f (x)e� i x � � dx denotes the Fourier transform f̂ of a function f .

The inversion formula takes the form f (x) =
R

Rd f̂ (� )ei x � � d� .
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The strict positivit y of  stipulated in Assumption 3.5 allows us to de�ne an
inner product h�; i � and the corresponding Hilb ert spaceH � , which is called
the \nativ e space":

hf ; gi � :=
Z

Rd

1
 

f̂ (� )ĝ(� ) d� ; H � := f f j kf k2
� := hf ; f i � < 1g : (3.2)

We have

Prop osition 3.7. Let � satisfy Assumption 3.5. Then

1. H � � C(Rd).
2. H � = H � (Rd) with equivalent norms.
3. � 2 H � .
4. � is positive de�nite.

Proof. The secondassertionis just oneof several equivalent de�nitions of the
Sobolev spacesH � (Rd). The other assertionsare left as an exercise. ut

Theorem 3.8. Let Assumption 3.5 be valid. Then for distinct points X N =
f x i j i = 1; : : : ; N g and f 2 H � the scattered interpolation problem:

Find I f 2 VN := spanf �( k � � x i k2) j i = 1; : : : ; N g

such that I f (x i ) = f (x i ) i = 1; : : : ; N ;

has a unique solution, which satis�es

hf � I f ; vi � = 0 8v 2 VN (3.3)

and
kf � I f k� = min

v2 VN

kf � vk� : (3.4)

Proof. Existence and unique follows from the fact that x 7! �( kxk2) is posi-
tiv e de�nite. The orthogonality relation can be seenas follows: The function
vk = �( k � � xk k2) satis�es vk 2 VN and bvk (� ) =  (� )ei x k � . Next,

hf � I f ; vk i � =
Z

Rd

1
 

�
f̂ � cI f

�
 ei x k � d� = f (xk ) � I f (xk ) = 0;

where the last step follows from the interpolation property. Hence, (3.3) is
true. This orthogonality relation implies the best approximation result (3.4)
in the k � k� -norm in the standard way (see,e.g., the proof of C�ea's Lemma
in [23, Thm. 2.8.1]). ut

Corollary 3.9 (stabilit y of scattered data in terp olation). Let 
 � Rd

be a Lipschitz domain (or 
 = Rd). Let X N = f x i j i = 1; : : : ; N g � 
 and
supposeAssumption 3.5. Then for all f 2 H � (
)

kf � I f kH � (
) � Ckf kH � (
) :
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Proof. We will only treat the caseof 
 being a Lipschitz domain. Let E :
H � (
) ! H � (Rd) be the universalextensionoperator of Theorem A.1. Since
X N � 
, we have Ef (x i ) = f (x i ), i = 1; : : : ; N . By Proposition 3.7, the
interpolant I f exists and is unique. SinceH � (Rd) = H � , we have Ef 2 H � .
By Proposition 3.7 and Theorem 3.8 we arrive at

kE f � I f k2
H � (Rd ) � ChEf � I f ; E f � I f i � = ChEf � I f ; E f i �

� CkEf � I f k� kEf k� � CkEf � I f kH � (Rd ) kEf kH � (Rd )

� CkEf � I f kH � (Rd ) kf kH � (
) :

We concludekEf � I f kH � (Rd ) � Ckf kH � (
) . SinceEf = f on 
 and trivially
kE f � I f kH � (
) � CkEf � I f kH � (Rd ) , the proof is complete. ut

This stabilit y result is the key to approximation results for the scattereddata
interpolant I f :

Corollary 3.10. Let Assumption 3.5 be satis�ed and let 
 � Rd be a Lip-
schitz domain. De�ne the �ll distance

h := sup
x 2 


min
i =1 ;:::;N

kx � x i k2: (3.5)

Then there exists C > 0 such that for f 2 H � (
) there holds

kf � I f kH s (
) � Ch� � skf kH � (
) ; 0 � s � � :

Proof. We proceedin two steps.
1. step: By Theorem 3.8, the linear operator Id � I : H � (
) ! VN � H � (
)
satis�es k Id � I kH � (
) ! H � (
) � C. If we can show the claim for s = 0, i.e.,
k Id � I kH � (
) ! L 2 (
) � Ch� , then the desiredbound k Id � I kH � (
) ! H s (
) �
Ch� � s for any s 2 [0; � ] follows by interpolation. We are thus left with show-
ing the special cases = 0.
2.step: Choosep 2 N0 such that � � p. By Lemma 2.24 there exist C, Ĉ > 0
depending only on 
 such that for � = Ch we have for all balls B � (x), x 2 
:

k� kL 1 (B � (x )) � Ĉ max
x i 2 B � (x )

j� (x i )j 8� 2 Pp: (3.6)

We cover 
 �
S

x 2 
 B � (x). By the Besicovitch covering theorem, Theo-
rem A.4, we can extract from the cover B = f B � (x) j x 2 
 g a subcover
Bj , i = j; : : : ; M , with the following properties: 
 � [ M

j =1 [ B 2B j
B and each

collection Bj consistsof countably many disjoint balls.
Wesetz := f � I f and assumefor notational convenience,aswemay using the
extensionoperator of Theorem A.1, that z is de�ned on Rd with kzkH � (Rd ) �
CkzkH � (
) . For each ball B of [ M

j =1 Bj we select Q 2 Pp as given by the
polynomial approximation result Theorem B.1. We can then bound with the
triangle inequality and the polynomial inverseestimate of Theorem B.3

kzkL 2 (B ) � kz � QkL 2 (B ) + kQkL 2 (B ) � C
n

� � kzkH � (B ) + � d=2kQkL 1 (B )

o
:
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Our choice of the balls B in B guarantees(3.6). Hence,we can estimate

kQkL 1 (B ) � Ĉ maxfj Q(x i )j j x i 2 B g = C supfj Q(x i )j j x i 2 B g:

Sincez vanishesin the interpolation points x i , we get

kQkL 1 (B ) � Ĉ supfj Q(x i ) � z(zi )j j x i 2 B g

� Ĉkz � QkL 1 (B ) � C� � � d=2kzkH � (B ) ;

where we used again the approximation properties in L 1 ascertained in
Theorem B.1. Using the fact that 
 � [ M

j =1 [ B 2B j
B and that for each

j 2 f 1; : : : ; M g the balls of the collection Bj are pairwise disjoint, we get

kzk2
L 2 (
) �

MX

j =1

X

B 2B j

kzk2
L 2 (B ) � C� 2�

MX

j =1

X

B 2B j

kzk2
H � (B ) � C� 2�

MX

j =1

kzk2
H � (
) :

This concludesthe proof in view of the stabilit y result Corollary 3.9. ut

It is of interest to considerfunctions f 2 H k (
) with k < � . Sincein this case
the function f may not be continuous, we cannot de�ne the scattered data
interpolant; nevertheless,the spaceVN = spanf �( k � � x i k2) j i = 1; : : : ; N g
can still have good approximation properties. Indeed, we have the following:

Prop osition 3.11. Let 
 � Rd be a Lipschitz domain. Assumethat � sat-
is�es Assumption 3.5. Let X N be a particle distribution with �l l distance h
given by (3.5). Set VN := spanf �( k � � x i k2) j x i 2 X N g. Then for 0 � k � �
and real numbers 0 � s1 � � � � � sm = k, we have for someC > 0 indepen-
dent of h and f :

inf
v2 VN

mX

j =1

hsj kf � vkH s j (
) � Chk kf kH k (
) :

Proof. We will prove the following, weaker statement:

inf
v2 VN

kf � vkH s (
) � Chk � skf kH k (
) ; 0 � s � k: (3.7)

The statement of the proposition then follows from (3.7) and a result on
simultaneousapproximation in Sobolev space,[22]. To see(3.7), �x s and let
� : H s(
) ! VN bethe H s(
)-orthogonal projection. Then by Corollary 3.10

k Id � � kH s (
) ! H s (
) = 1; k Id � � kH � (
) ! H s (
) � Ch� � s:

Sincethe spaceH k (
) can be obtained by interpolation betweenH s(
) and
H � (
) we arrive at the desiredbound.
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3.2 Bibliographical Remarks

The presentation here follows [86]. The presentation is restricted to posi-
tiv e de�nite RBFs for simplicit y. A very important, more general class of
functions is that of conditionally positive RBFs: For given p 2 N0, norm
k � k on Rd, a function �( k � k) is called conditionally positive de�nite if for
any set X M = f x1; : : : ; xM g of distinct points, the matrix G 2 RM � M de-
�ned by G ij = �( kx i � x j k) is positive de�nite on the set subspacef a 2
RM j

P M
k=1 ak � (xk ) = 0 8� 2 Ppg. The interpolation problem (3.1) is then

replacedwith the problem of �nding I f of the form
P N

j =1 uj �( k � � x j k) + �
for a � 2 Pp such that I f (x i ) = f i for i = 1; : : : ; N . For a detailed survey of
RBF functions we refer to [25,26,61,110].
The approximation theory for RBFs can be traced back to the work of
Duchon, [35,36],where in particular the RBFs � that are fundamental solu-
tions of the iterated Laplacian are analyzed.
The approximation result Proposition 3.11 is just one example of a setting
where the function f to be approximated is not in the native spaceH � . We
refer to [24] and the referencethere for a more detailed discussion.
It should be noted that even for the compactly supported radial basis func-
tions of Example 3.4 the Gram matrix G of the interpolation problem or
the sti�ness matrix, if they are used as shape functions in Galerkin meth-
ods, is not sparse.Multiresolution analysis ideas have been proposed and
employed in the context of radial basis functions. For example, if for each
level l 2 f 0; : : : ; Lg a collection of points x i;l , i = 1; : : : ; N l , is given or con-
structed, one can approximate from the spacespanf �( k(� � x i;l )=hl k2) j i =
1; : : : ; N l ; l = 0; : : : ; Lg, where the scaling parametershl are additional, suit-
ably chosenparameters. We refer [61] and the referencesthere for more de-
tails.

4 Partition of Unit y Metho d and Generalized FEM

The approximation properties of the spacesdiscussedin Sections2, 3 ulti-
mately rely on the local approximation properties of polynomials. The Par-
tition of Unit y Method/generalized FEM [7,78,79,82,9,101{103] is a gener-
alization of the classical FEM and the above approaches in that it allows
the creation of special approximation spacesthat are tailored to a particular
problem. As we will seein Theorem 4.1, one can construct, starting from
local approximation spacesVi , a global approximation spaceV by meansof
a partition of unit y, where the global spaceV inherits the approximation
properties from the local spacesVi . As we will illustrate in Section 5, the
approximation properties of the local spacesVi need not rely on those of
polynomials.
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4.1 Appro ximation Theory

Theorem 4.1. Let 
 � Rd be a Lipschitz domain and let f  i j i = 1; : : : ; N g
be a collection of W 1;1 (
) functions. Set 
 i := (supp i )� � 
 , hi :=
diam 
 i , and assume

k i kL 1 (
) � C1 ; kr  i kL 1 (
) �
CG

hi
i = 1; : : : ; N ;

NX

i =1

 i � 1 on 
 , sup
x 2 


cardf i 2 N j x 2 
 i g � M :

Assumethat each 
 i , i = 1; : : : ; N , is a Lipschitz domain as well.
For each i 2 f 1; : : : ; N g let Vi � H 1(
 i ) be given and set

V :=
NX

i =1

 i Vi =

(
NX

i =1

 i vi j vi 2 Vi

)

: (4.1)

Then V � H 1(
) .
Assumethat for a given u 2 H 1(
) the spaces Vi havea local approximation
property, i.e., there exist vi 2 Vi such that

ku � vi kL 2 (
 i ) =: "1(i ); kr (u � vi )kL 2 (
 i ) =: "2(i ): (4.2)

Then the approximant v :=
P N

i =1  i vi 2 V satis�es

ku � vk2
L 2 (
) � M C2

1

NX

i =1

j"1(i )j2; (4.3)

kr (u � v)k2
L 2 (
) � 2M

NX

i =1

" �
CG

hi

� 2

j"1(i )j2 + C2
1 j"2(i )j2

#

: (4.4)

Proof. The assumption that the patches 
 i be Lipschitz domain is required
to ensure that V � H 1(
) as we now show: By the extension result Theo-
rem A.1, there exist extension operators E i : H 1(
 i ) ! H 1(Rd). For each
i 2 f 1; : : : ; N g we choosevi 2 Vi . We then check that  i (E i vi ) 2 H 1(
) as
the product of a Lipschitz continuousfunction and an H 1(
)-function. Hence,
P N

i =1  i E i vi 2 H 1(
). By the support properties of the functions  i we get
P N

i =1  i vi =
P N

i =1  i E i vi . In this way, we seethat V =
P N

i =1  i Vi � H 1(
).
We will now prove (4.4) and leave (4.3) asan exercise.Using

P N
i =1  i � 1 on


 we can write with the product rule

r (u �
NX

i =1

 i vi ) = r
NX

i =1

 i (u � vi ) =
NX

i =1

(u � vi )r  i +  i r (u � vi ):
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This allows us to bound the error e := u �
P N

i =1  i vi by

Z



jej2 dx � 2

Z




�
�
�
�
�

NX

i =1

(u � vi )r  i

�
�
�
�
�

2

+

�
�
�
�
�

NX

i =1

 i r (u � vi )

�
�
�
�
�

2

dx: (4.5)

The assumption supx 2 
 cardf i j x 2 
 i g � M implies that for each �xed
x 2 
 each of the sums consistsof at most M terms. Hence,exploiting the
bound (

P M
j =1 jaj j)2 � M

P M
j =1 jaj j2, which is valid for any �nite sequence

(aj )M
j =1 , and using the bounds on the functions  i , r  i , we arrive at

�
�
�
�
�

NX

i =1

(u � vi )(x)r  i (x)

�
�
�
�
�

2

� M
NX

i =1

jr  i (x)j2 j(u � vi )(x)j2

� M C2
G

NX

i =1

1
h2

i
j(u � vi )(x)j2;

�
�
�
�
�

NX

i =1

 i (x)r (u � vi )(x)

�
�
�
�
�

2

� M
NX

i =1

j i (x)j2 jr (u � vi )(x)j2

� M C2
1

NX

i =1

jr (u � vi )(x)j2:

Inserting thesebounds in (4.5) then givesthe desiredestimate. ut

Remark 4.2. Theorem4.1 is formulated for L 2-basedspaces|an extensionto
spacesW k ;q , 1 � q < 1 is possible.If the partition of unit y is smoother, i.e.,
 i 2 W k ;1 (
) and the local spacesVi satisfy Vi � H k (
 i ), then again V �
H k (
) and analogousapproximation results in H k can be obtained. Thus,
applications requiring subspacesof H k (
) insteadof H 1(
) asapproximation
spacescan easily be constructed.

A prominent example of a partition of unit y satisfying the assumptions of
Theorem 4.1 consistsof the standard basisof a FEM space:

Example 4.3. Let T be a shape-regular mesh on a domain 
 � Rd. Let
f x i j i = 1; : : : ; N g be the vertices of T and let f  i j i = 1; : : : ; N g be the
standard piecewiselinear basisof S1;1(T ). Then f  i j i = 1; : : : ; N g is a par-
tition of unit y satisfying the assumptionsof Theorem 4.1.

Remark 4.4. Partitions of unit y aresystemsof functions that reproducepoly-
nomials of degreep = 0. Hence,one can obtain a partition of unit y with the
Shephard construction of Exercise 2.14 from a collection of particles X N =
f x i j i = 1; : : : ; N g and corresponding weight functions wi , i = 1; : : : ; N . As
discussedin Section2.3, the regularity of the shape functions obtained in this
way is determined by the regularity of the weight functions wi .
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Of particular note in the Shephardconstruction is the casewhen each patch

 i contains an open subset 
 0

i such that 
 0
i \ 
 j = ; for j 6= i . Then  i � 1

on 
 0
i . Such a partition of unit y is employed in the particle partition of unit y

method of [96].

For practical implementations, it is important to identify a basisof the space
V . It appears natural to baseit on basesBi = f bi;j j j = 1; : : : ; dim Vi g, i =
1; : : : ; N , and consider the set B = f  i bi;j j i = 1; : : : ; N ; j = 1; : : : ; dim Vi g.
In generalB is not a basisof V as the following exerciseshows:

Exercise 4.5. Let 
 = (0; 1) and 0 = x0 < x1 < � � � xN = 1 be a partition
of 
. let  i , i = 0; : : : ; N , be the standard piecewiselinear hat function
associated with node x i . Let Vi = Pp = spanf bj j j = 0; : : : ; pg for each
i = 0; : : : ; p. Show by a dimension argument that f  i bj j i = 0; : : : ; N ; j =
0; : : : ; pg is not a basisof V =

P N
i =0  i Vi .

If the partition of unit y is suitably chosen,then the set B is a basisof V :

Exercise 4.6. Let the partition of unit y f  i j i = 1; : : : ; N g be such that for
each i there exists an open set 
 0

i with 
 0
i \ supp j = ; for all j 6= i . Show:

The set B is a basis of V . This fact is exploited in the particle partition of
unit y of [96].

4.2 Example: polynomial lo cal appro ximation spaces

There are several ways to employ the approximation result Theorem 4.1 in
a numerical scheme. One way is to use polynomials as local approximation
spacesVi ; the partition of unit y method could, for example,be obtained from
a collection of particles and the partition of unit y is basedon the Shepard
function of Exercise 2.14. This is approach is pursued in a seriesof papers
by Griebel and Schweitzer [47{51] and collected in the monograph [96]. The
approximation propertiesof this method are comparableto the classicalFEM
as is shown in the following Exercises4.7, 4.8.

Exercise 4.7. Let 
 � Rd be a Lipschitz domain. For each patch 
 i choosea
polynomial degreepi 2 N0 and set Vi := Ppi . For each i 2 f 1; : : : ; N g let eB i

be a ball of diameter diam eB i � Chi such that 
 i � eB i . Assumeadditionally
that the balls eB i satisfy an overlap condition, i.e.,

sup
x 2 Rd

f i j x 2 eB i g � M : (4.6)

Show: Under the hypothesesof Theorem 4.1 on the functions  i there holds

inf
v2 VN

ku � vk2
H 1 (
) � C

NX

i =1

h2(min f pi +1 ;k g� 1)
i kuk2

H k ( eB i )
:
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In particular, if pi = p for all i and if we set h := max hi , then

inf
v2 VN

ku � vk2
H 1 (
) � Ch2 min f p;k � 1gkuk2

H k (
) :

The sizediam eB i of the ball eB i in Exercise4.7 plays the role of the local mesh
sizein the classicalFEM. Graded meshescan alsobe simulated as illustrated
in the following exercise.

Exercise 4.8. ContinueExercise4.7 for the approximation of singularity func-
tions of the form u(r; ' ) = r � �( ' ) as discussedin Exercise 2.11. Let 
 =
(0; 1=2)2, let X N be the particle distribution given in Exercise 2.11 with
� > p=� . Let the patches
 i be such that x i 2 
 i � eB i , where eB i = B � i (x i )
with � i given in Exercise2.11.Let Vi = Pp asin the precedingexercise.Show:
(4.6) holds, and the approximation spaceV satis�es

inf
v2 V

ku � vkH 1 (
) � CN � p;

i.e., the optimal rate of convergenceis achieved.

5 Examples of operator adapted appro ximation spaces

Theorem 4.1 allows us to construct approximation spacesV wherethe global
spaceV inherits the approximation properties of the local spacesVi . These
spacescan be custom tailored to the approximation of a function u. We
illustrate this with a few examples.

5.1 A one-dimensional example

We consider the following one-dimensionalmodel problem:

Lu := � (a(M x)u0)0+ b(x)u = f on 
 = (0; 1); u(0) = u(1) = 0; (5.1)

where M 2 N and a 2 L 1 (R) is 1-periodic. Additionally , we assumeelliptic-
it y, i.e., 0 < a � a(x) for all x 2 R and 0 � b(x) � kbkL 1 (
) for all x 2 
.
If M is large, then the coe�cien t a(M �) is highly oscillatory and so is the
solution u. The standard FEM performs poorly in the situation, namely, con-
vergenceis only observed under the assumptionof scaleresolution, i.e., if the
mesh size h is su�cien tly small to resolve all scales.The following example
illustrates this.

Example 5.1. We consider the casea = 1
2+cos(2 � x ) , b � 0, and f � 1. In the

left graph in Fig. 5.3 we show the convergencebehavior of the classicalFEM
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Fig. 5.3. Left: Convergenceof the classicalFEM. Right: Convergenceof the PUM.

basedon the spaceS1;1
0 (T ) on uniform meshes.The error measureis relative

error in the energynorm, i.e.,

ku � uN kE

kukE
=

s R

 a(M x)j(u � uN )0j2 dx

R

 a(M x)ju0j2 dx

: (5.2)

The solution u can be computed analytically and it can be checked that
ku0kL 2 (
) � M and ku00kL 2 (
) = O(M 2). The classical FEM convergence
analysis then gives

k(u � uN )0kL 2 (
)

ku0kL 2 (
)
� C min

�
1;

hku00kL 2 (
)

ku0kL 2 (
)

�
� C minf 1; hM g: (5.3)

Weclearly observein Fig. 5.3 the expectedasymptotic �rst order convergence;
nevertheless,the asymptotic convergencebehavior is not observed until h �
1=M , that is, until scaleresolution is reached. Note that this is in agreement
with (5.3).

It is possible to design local approximation spacesthat have good approxi-
mation properties for the solution of (5.1).

Lemma 5.2. Let I = (x0; x0 + h) and 
 < 1. Let h2 kbkL 1 ( I )

a � 
 < 1. Let
B = f u0; u1g be a fundamental system for L , i.e., Lu 0 = Lu 1 = 0 on I and
u0, u1 are linearly independent. Then there exists a C > 0 depending only on
a, kakL 1 ( I ) , kbkL 1 ( I ) , 
 , such that for a solution u 2 H 1(I ) of Lu = f there
holds

inf
v2 V

ku � vkL 1 ( I ) + hk(u � v)0kL 1 ( I ) � Ch2kf kL 1 ( I ) ;

where V := spanB.

Proof. Sincef 2 L 1 (I ) and u 2 H 1(I ) we get that u and au0 are continuous.
We then choosev 2 V such that v(x0) = u(x0) and (av0)(x0) = (au0)(x0).
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The error e := u � v then satis�es e(x0) = 0 and (ae0)(x0) together with
Le = f . The di�eren tial equation Le = f givesus � (ae0)0 = f � beso that

je(x)j �

�
�
�
�

Z x

x 0

e0(t) dt

�
�
�
� � hke0kL 1 ( I ) ;

je0(x)j �
1
a

j(ae0)(x)j �
1
a

�
�
�
�

Z x

x 0

f � bedt

�
�
�
� �

1
a

hkf kL 1 ( I ) +
kbkL 1 ( I )

a
hkekL 1 ( I ) :

Combining thesetwo estimates,we arrive at

ke0kL 1 ( I ) �
kf kL 1 ( I )

a
h + h2 kbkL 1 ( I )

a
| {z }

� 
 < 1

ke0kL 1 ( I ) ;

which allows us to concludeke0kL 1 ( I ) � h 1
a(1 � 
 ) kf kL 1 ( I ) . ut

Remark 5.3. It should be noted that the approximation spacesconstructed
in Lemma 5.2 merely require a and b to be L 1 |no further regularity is
required.

Extensions of the approximation result Lemma 5.2 are obtained in the fol-
lowing exercise.

Exercise 5.4. (a) Construct a one-dimensionalspaceV0 = spanf u0g such that
u0(x0) = 0 and V0 satis�es, for u(x0) = 0 and Lu = f ,

inf
v2 V0

ku � vkL 1 ( I ) + hk(u � v)0kL 1 ( I ) � Ch2kf kL 1 ( I ) :

(b) Let u2 be such that Lu 2 = 1. Let u0, u1 be de�ned in Lemma 5.2. Set
V2 := spanf u0; u1; u2g. Show:

inf
v2 V2

ku � vkL 1 ( I ) + hk(u � v)0kL 1 ( I ) � Ch3kf 0kL 1 ( I ) :

(c) Construct a two-dimensionalspaceV0;2 = spanf u0; u1g such that v(x0) =
0 for v 2 V0;2 and V0;2 satis�es, for u(x0) = 0 and Lu = f ,

inf
v2 V0; 2

ku � vkL 1 ( I ) + hk(u � v)0kL 1 ( I ) � Ch3kf 0kL 1 ( I ) :

Example 5.5. We usethe partition of unit y method (PUM) with a partition
of unit y given by the piecewiselinear functions on a uniform meshwith mesh
size h for the approximation of the solution of (5.1) where a = 1

2+cos(2 � x ) ,
b � 0, and f (x) = x. We chooseM = 4096. In the �rst experiment the local
approximation spacesare taken as the spacesV constructed in Lemma 5.2
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for the internal nodes and the spaceV0 constructed in Exercise 5.4 for the
two nodesat the boundary of 
. In view of Lemma 5.2 and Theorem 4.1 we
expect convergenceO(h) in the energy norm (cf. (5.2)), where the constant
in the O(h) convergenceis independent M . The convergencebehavior of this
projection method is depicted in the graph labelled \robust O(h)" in the right
picture of Fig. 5.3. Sincethe problem sizeN � 1=h, the expectedconvergence
O(h) is indeed con�rmed numerically.
In the secondexperiment, the local spacesfor the internal nodes are taken
as the spacesV2 of Exercise 5.4 and the spacesV0;2 of Exercise 5.4 for the
boundary nodes.In view of Exercise5.4 and Theorem 4.1 we expect a conver-
genceO(h2) in the energynorm. This expectation is con�rmed by the graph
labelled \robust O(h2)" in the right picture of Fig. 5.3. Again, the constant
hidden in the O(h2) convergenceresult is independent of M . For more details
on this one-dimensionalproblem, we refer to [82].

Exercise 5.6. The approximation properties of the spaceV constructed in
Lemma 5.2 can also be understood by transforming the problem. Consider
the caseb � 0. Then

V = span
�

1;
Z x

x 0

1
a(t)

dt
�

:

Let f 2 L 2(I ) and de�ne the changeof variable ex :=
Rx

x 0

1
a( t ) dt. Show: The

function eu(ex) := u(x) is in H 2 (hint: write down a di�eren tial equation
satis�ed by eu). Henceit can be approximated well from P1. Infer from that
approximation results for u for the approximation from V .

Remark 5.7. The construction in Lemma 5.2exploits in a crucial way the fact
that a one-dimensionalproblem is considered:the solution spaceof homoge-
neouslinear secondorder di�eren tial equationsis two-dimensional.Neverthe-
lessanalogousapproximation results can be shown for quasi one-dimensional
cases.Exercise5.6 illustrates an old, but powerful tool of numerical mathe-
matics, namely, the use of suitable transformations. This device is also the
reasonsfor the results of [7]. In [7] problems of the form

� @x (a(x)@x u) � @y (a(x)@y u)) = f on (0; 1)2

are considered;the coe�cien t a � a > 0 dependson the singlevariable x but
may be merely boundedand measurable.For such problems, it is shown that
local approximation spaceof the form

V := span
�

1;
Z x

x 0

1
a(t)

dt; y
�

can lead to the optimal rate O(h).
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5.2 Laplace's Equation

We consider the two-dimensional case 
 � R2 and solutions to Laplace's
equation

� � u = 0 on 
. (5.4)

It seemsreasonableto try to approximate the solutions to a di�eren tial equa-
tion with systemsof functions that likewisesolve the di�eren tial equation.
For the Laplace equation one such system is that of harmonic polynomials:

HPp := spanf Rezn ; Im zn j n = 0; : : : ; pg; (5.5)

where z = x + iy 2 C. Note that dim HPp = 2p + 1. We have exponential
convergenceif the function u to be approximated is harmonic on set that
strictly contains the domain of interest:

Theorem 5.8. Let 
 � R2 be a simply connected domain and let 
 0 �� 

be a compact subset.Let k 2 N0. Let u satisfy � � u = 0 on 
 . Then there
exist C, b > 0 such that for all p 2 N0

inf
v2HP p

ku � vkW k ; 1 (
 0) � Ce� bp:

Proof. This result is due to Szeg•o. We refer to [80] for a proof. ut

Example 5.9. We considerthe approximation of the solution u of (5.4), where

 = (0; 1)2. The exact solution is given by

u(x; y) = Re
�

1
a2 + z2 +

1
a2 � z2

�
; a = 1:05:


 is partitioned into n2 square of equal size, and the partition of unit y is
taken as the standard bilinear hat functions associated with this mesh.This
partition of unit y is �xed and the local approximation spacesVi are taken as
HPp for di�eren t valuesof p 2 N0. The numerical results in the left graph in
Fig. 5.4 present the result of the minimization problem

min
n kr (u � v)kL 2 (
)

kr ukL 2 (
)

�
�
� v 2 V :=

(n +1) 2
X

i =1

' i Vi

o

in dependenceon the polynomial degreep.

Algebraic convergenceresults are also available:

Theorem 5.10. Let 
 � R2 be star-shaped with respect to a ball and let 

satisfy an exterior cone condition with angle�� . Let k � 1 and let u 2 H k (
)
satisfy (5.4). Then there exists C > 0 and harmonic polynomials up 2 HPp

such that

ku � upkH j (
) � C
�

ln(p + 2)
p + 2

� � (k � j )

; j = 0; 1:
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Proof. See[80]. ut

Example 5.11. Theorem 5.10can be sharpenedin the following situation (see
[80] for a more detailed discussionof this e�ect): De�ne the sector S! =
f (r cos'; r sin ' ) j 0 < r < 1; 0 < ' < ! g and let u(x; y) = Rez� or u(x; y) =
Im z� for some� > 0. Then we have with � = 2 � !

� and any " > 0

inf
v2HP p

ku � vkH 1 (S! ) � C" p� �� + " ;

whereC" dependson � , ! , and " . Fig. 5.4 illustrates this convergencebehavior
by plotting for di�eren t valuesof ! the result of the minimization problem

min
n kr (u1=2 � v)k2

L 2 (S! )

kr u1=2k2
L 2 (S! )

�
�
� v 2 HPp

o
; u1=2 = Im z1=2;

in dependenceon the polynomial degree p. It is noteworthy that in this
particular example � may be bigger than 1|this cannot be expected in the
situation of Theorem 5.10.

Remark 5.12. The systemof harmonic polynomials is just onepossiblechoice.
Near corners, the solution of (5.4) has singularities, which are known. The
corresponding singularity functions could be usedasapproximation systems.
We will describe the idea of augmenting a standard FEM spacewith such
singularity function in more detail in Section 6.

5.3 Helmholtz equation

We consider for two-dimensionalproblems the Helmholtz equation

� � u � k2u = 0 on 
 � R2, (5.6)

and we discussthe following two choicesof local approximation systems:
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1. Systemsof plane waves, W (p), given by

W (p) := span
n

ei k ! n � (x;y ) j n = 0; : : : ; p � 1
o

; (5.7)

where the vectors ! n are given by ! n := (cos 2� n
p ; sin 2� n

p )> .
2. Generalized harmonic polynomials given by

V(p) := spanf Jn (kr ) sin(n' ); Jn (kr ) cos(n' ) j n = 0; : : : ; pg; (5.8)

where we employed polar coordinates (r; ' ) in the de�nition of V (p); the
functions Jn are the �rst kind Besselfunction.

We note that dim V (p) = O(p), dim W (p) = O(p). These spaceshave the
following approximation properties:

Theorem 5.13. Let 
 � R2 be a simply connected domain, 
 0 �� 
 be a
compact subset.Let u solve(5.6). Then there exist C, b > 0 such that for all
p 2 N, p � 2:

inf
v2 V (p)

ku � vkH 1 (
 0) � Ce� bp; inf
v2 W (p)

ku � vkH 1 (
 0) � Ce� bp= log p: (5.9)

Proof. The �rst estimate is proved in [80]. The secondone can be proved
using the arguments detailed in Section C.2. ut

Theorem 5.14. Let 
 � R2 be star-shaped with respect to a ball. Let 

satisfy an exterior cone condition with angle�� . Let u 2 H k (
) , k � 1, solve
(5.6). Then there exists C > 0 such that

inf
v2 V (p)

ku � vkH 1 (
) � C
�

log(p + 2)
p + 2

� � (k � 1)

; (5.10)

inf
v2 W (p)

ku � vkH 1 (
) � C
�

log2(p + 2)
p + 2

� � (k � 1)

: (5.11)

Proof. (5.10) is proved in [80]. SeeSection C.2 for the proof of (5.11). ut

Example 5.15. The function

u(x; y) = ei k (cos � ;sin � ) ; � =
�
16

;

is a solution of (5.6). Let 
 = (0; 1), and let g be de�ned on @
 by g :=
@n u + iku. Then u solves

� � u � k2u = 0 on 
 ; @n u + iku = g on @
 : (5.12)

Let 
 be partitioned into n � n squaresof equalsize.We take asthe partition
of unit y  i , i = 1; : : : ; (n + 1)2, the standard bilinear hat functions associated
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Fig. 5.5. Operator adapted methods for Helmholtz equation; seeExample 5.15.
Local approximation spaceV (p) (left) and W (p) (righ t).

with the (n + 1)2 nodes.The approximation spaceV is then constructed as
in Theorem 4.1 with local spacestaken either as V (p) (with p ranging from
1 to 15) or as W (p) (with p 2 f 2; 6; 10; 14; 18; 22; 26; 30; 34; 38g). Contrary to
our exposition so far, all spacesare taken as spacesover the �eld C instead
of R. The numerical approximation uN is obtained as the standard Galerkin
approximation for problem (5.12), viz.,

Find uN 2 V s.t.
Z



(r uN �r v� k2uv)+ ik

Z

@

uv =

Z



f v +

Z

@

gv 8v 2 V:

Theorem 5.13 suggeststhat an exponential rate of convergencecould be
achieved. The numerical results for k = 32 are displayed in Fig. 5.5. In-
deed, we observe for �xed n an exponential convergencein p � N for the
relative error ku � uN kH 1 (
) =jukH 1 (
) . We refer to [79] for more details.

5.4 Linear Elasticit y

In two-dimensional linear elasticity and in the absenseof body forces, the
displacement �eld (u; v) satis�es the following system of equations:

@x � x + @y � xy = 0; @x � xy + @y � y = 0; (5.13)

here, the stresses� x , � y , and � xy are de�ned by

� x = � (@x u+ @y v)+2 �@x u; � y = � (@x u+ @y v)+2 �@y v; � xy = � (@y u+ @x v):

The material constants � , � are called the Lam�e constants.

Remark 5.16. The abovesystemis written for the so-calledplane strain case.
For plane stress,� should be replacedwith � � = 2��= (� + 2� ).
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Let 
 be simply connected.By [85], the displacement �eld (u; v) can then be
expressedin terms of two holomorphic functions ' ,  , namely,

2� [u(x; y) + iv(x; y)] = �' (z) � z' 0(z) �  (z); (5.14)

here, we set � = (� + 3� )=(� + � ). This representation is unique if we require
additionally ' (z0) = 0 for an arbitrarily chosen point z0. This representa-
tion suggeststo useas an approximation spacefor the approximation of the
complex function u + iv the space

V elast
p := spanf �� (z) � z� 0(z) � � (z) j � ; � 2 H pg; (5.15)

whereH p denotethe spaceof (complex) polynomials of degreep. An approx-
imation result analogousto Theorem 5.10 can indeed be obtained:

Theorem 5.17. Let 
 � R2 be star-shaped with respect to a ball. Let 
 sat-
isfy an exterior cone condition with angle �̂ � . Let m 2 N, s 2 [0; 1) and as-
sumethat the displacement �eld (u; v) 2 H m + s(
) satis�es the homogeneous
elasticity equations (5.13). Then the function u := u+ iv can be approximated
from V elast

p such that

inf
u ap 2 V elast

p

ku � uapkH 1 (
) � C
�

log(p + 2)
p + 2

� �̂ (m + s� 1)

kukH m + s (
) :

Proof. SeeSection C.3. ut

Remark 5.18. The proof of Theorem 5.17 shows that the improved rate of
convergencefor the typical singularity functions that we observed in Exam-
ple 5.11 are also obtained for the elasticity equations.

5.5 Further examples

The Laplace equation and the Helmholtz equation are merely two examples
of elliptic equations for which special approximation systems can be con-
structed. A more generaltheory by S. Bergman [16{18] and I.N. Vekua [105]
is in fact available: For two-dimensionalelliptic equationsof the form

� � u + a(x; y)@x u + b(x; y)@y u + c(x; y)u = 0; (5.16)

wherethe functions a, b, c are real analytic on 
, there existsa linear operator
ReV that maps functions holomorphic on 
 onto solutions of solution of
(5.16). Essentially , this operator is a bijection and bicontinuous in Sobolev
norms. That is: regularity assertionsfor u can be translated into regularity
assertions for the corresponding holomorphic functions; this function may
then be approximation by (complex) polynomials; the image of (complex)
polynomials under ReV then yields a good approximation space. In some
cases,the operator ReV can be computed explicitly (e.g., in the caseof the
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Helmholtz equations,where the spaceV (p) is preciselythe imageof complex
polynomials under the map ReV); we refer to Appendix C and [80] for more
details on this. The representation theory of Bergman and Vekua is, due to
its closelink with complex analysis, largely a two-dimensional theory. Some
extensionsto three dimensionshave beendone in [28].

5.6 Lo cal appro ximation spaces obtained numerically

In the above examplesthe local approximation spaceswere given in closed
form. They can, however, be obtained numerically aswell. For example,while
the form of the singularity functions of linear elasticity is known, the precise
exponents have to be determined as solutions of small auxiliary problems.
More in the spirit of domain decomposition is the following approach for
problems of the form Lu = 0: For each patch 
 i , one choosesa �nite dimen-
sional spaceVi;@
 i = spanf ~bi;j j j = 1; : : : ; N i g of functions that are de�ned
on @
 i . The spaceVi is then obtained by (numerically) solving boundary
value problems

Lbi;j = 0 on 
 i ; bi;j j@
 i = ~bi;j :

The total computation is therefore done in two steps: �rst, many local prob-
lems are solved (which can be done completely in parallel), and in a second
step a global problems is solved. Conceptually, this is the approach taken for
example in [5] and [58,59,37]for calculations of very heterogeneousmedia.

Remark 5.19. The functions bi;j werecomputed above assolutions of Dirich-
let problems. The approximation spaceVi could be determined by solving
other boundary value problems, e.g., by solving Neumann problems. It has
also been observed that it is advantageous to de�ne them as solutions of
boundary value problems de�ned on 
 0

i , where 
 i �� 
 0
i . We refer, for ex-

ample, to [5] for more details on this.

Another exampleof a method wherethe approximation spacesaredetermined
numerically in a preprocessingstep is the generalized FEM of [77,95] for
problems with periodic microstructures.

5.7 Bibliographical Remarks

Approximation systemsthat are tailored to the di�eren tial operator are used
by engineers,wheresuch methods are known, amongothers, under the name
of Tre�tz methods, see,e.g., [63,64,56]. In the context of the partition of
unit y method/generalized FEM special approximation systems have been
used in [69] for Helmholtz problems and in [90,34] for elasticity and crack
problems. The \metho d of particular solutions" [43], [19] (see,in particular,
the referencesin [19]) is closely related to the ideaspresented here.
We have seen the poor performance of the classical FEM in Section 5.1.
Indeed, it was already shown in [10] that the classical FEM can perform
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arbitrarily poorly. On the other hand, the constructions in [81] show that for
reasonableclassesof right-hand sides,it is in principle possibleto construct
good approximation spaces.Such approximation spaceshave to be adapted
to a particular problem at hand.

6 Augmen ting classical FEM spaces

The partition of unit y method/generalized FEM can be viewed as a frame-
work for incorporating information about the problem into the approximation
space.The simplest such technique is to augment a standard �nite element
spacewith special functions.

6.1 Singular functions

The power of augmenting a classicalFEM spacewith special functions can be
seenin the following model problem: Let 
 � R2 be a polygon and consider

� � u = f on 
 ; u = 0 on @
 : (6.1)

If we denote by A j , j = 1; : : : ; J , the vertices of 
 and by ! j 2 (0; 2� ) the
internal angleof 
 at A j , then it is well-known that the classicalFEM-space
S1;1

0 (T ) that is based on a quasi-uniform mesh T of mesh size h performs
poorly if maxj =1 ;:::;J ! j > � ; namely, the rate of convergenceis

inf
v2 S1; 1

0 (T )
ku � vkH 1 (
) � Ch� ; � = min

j =1 ;:::;J

�
! j

< 1:

This is indeedobserved in practice. By augmenting this FEM spaceby a few
suitably chosensingularity functions, however, we recover the optimal rate
of convergence.To this end, it is important to note the following regularity
assertion for the solution u of (6.1):

Lemma 6.1. Let 
 � R2 be a polygon with vertices A j , j = 1; : : : ; J , and
internal angles ! j , j = 1; : : : ; J . De�ne for each vertex A j the singularity
functions Sj;i , i = 1; 2; : : : ; by

Sj;i (r j ; ' j ) :=

8
<

:

r i� =! j

j sin(i �
! j

' j ) if i� =! j 62N

r i� =! j

j

h
ln r j sin(i �

! j
' j ) + ' j cos(i �

! j
' j )

i
if i� =! j 2 N

(6.2)
where (r j ; ' j ) represent polar coordinates with origin A j such that the two
edgesof 
 meeting at A j fall on the lines ' j = 0 and ' j = ! j .
Let f 2 H � 1+ k (
) , k > 0 and k 62N. Then the solution u of (6.1) can be
written in the form

u =
JX

j =1

X

i 2 N
i �

! j
<k

aij Sij + u0; (6.3)
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for somenumbers aij 2 R and u0 2 H 1+ k (
) .

Proof. Such decompositions can be found, for example, in [52,53]. ut

This regularity assertion allows us to design approximation spacesthat re-
cover the optimal rate of convergence(in terms of \error vs. problem size"):

Exercise 6.2. Fix a cut-o� function � j 2 C1
0 (R2) for each corner A j such

that � j � 1 in a neighborhood of A j and such that � j � 0 in a neighborhood
of the vertices A i , i 6= j .

(a) Show: The decomposition (6.3) can take the form

u =
JX

j =1

X

i 2 N
i �

! j
<k

aij � j Sij + ~u0;

where ~u0 2 H 1+ k (
) \ H 1
0 (
). Additionally , � j Si;j 2 H 1

0 (
).
(b) Show: The space

VN := Sp;1
0 (T ) � spanf � j Sj;i j j = 1; : : : ; J; i

�
! j

< kg � H 1
0 (
)

satis�es
inf

2 VN

ku � vkH 1 (
) � Chmin f p;k g: (6.4)

Note that dim VN � dim Sp;1
0 (T ).

The purposeof the cut-o� functions � j is to localizethe singularity functions.
This could also be achieved with the aid classicalFEM functions:

Exercise 6.3. Let T be a quasi-uniform mesh on the polygon 
 � R2. Let
f  i j i = 1; : : : ; N1g be set of the classicalpiecewiselinear hat functions asso-
ciated with T and S1;1(T ) = spanf  i j i = 1; : : : ; N1g. Fix � > 0 and de�ne,
for each j 2 f 1; : : : ; J g, the set I j := f i j supp i � B � (A j )g. De�ne

VN := Sp;1
0 (T ) � spanf  i Sj;m j m

�
! j

< k; i 2 I j ; j = 1; : : : ; J g:

Show: Also for this choiceof approximation spacethe approximation property
(6.4) holds. Note: VN � H 1

0 (
) and dim VN � dim Sp;1
0 (T ).

The above construction involves only classicalFEM functions and the sin-
gularit y functions Sj;i . Of course,since � > 0 is �xed, a rather large num-
ber of nodes is a�ected (see the left picture in Fig. 6.6, where the nodes
that require multiplication with singularity functions are denoted� ), namely,
O(h� 2) nodes. A variety of practitioners have therefore looked at further
simpli�cations:
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Fig. 6.7. Left: Crack problem. Right: Classical FEM mesh. Nodes � are enriched
with discontin uit y functions; nodesmarked are enriched with singularit y function.

Example 6.4. In practice, a) only the strongestsingularity functions areadded
(t ypically only Sj; 1), b) only those singularity functions at re-entrant corners
(i.e., for corners A j where � =! j < 1) and c) � � h is chosen(seethe right
picture in Fig. 6.6). While the choice � � h does not improve the rate of
convergence,the constant is greatly improved so that in many casesgood
engineeringaccuracy is reached.

6.2 Crac k propagation problems

Crack propagation problems have been put forward as an example where
augmenting a standard FEM spacewith special functions is advantageous.
In many 2D crack problems, the crack is modelled asa curve 
 (seeFig. 6.7).
A linear elasticity problem is solved on 
 n 
 ; then the so-calledstressinten-
sity factors are extracted from the FEM solution; from thesestressintensity
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factors the crack propagation is determined according to some engineering
model; �nally , the crack is extended, and the next iteration of this loop is
performed. Performing such a crack propagation analysis is costly since the
domain 
 n 
 on which the elasticity equations have to be solved, changes
in each iteration step thus requiring (at least local) remeshing.Additionally ,
since the solution exhibits a strong singularity at the crack tip, a strongly
re�ned meshis required near the crack tip to resolvethis singularity and guar-
antee reliable results. The technique of augmenting a standard FEM spaceby
a few special functions to overcomethese two di�culties seemsvery attrac-
tiv e and has beenproposed,for example,under the nameX-FEM (extended
FEM) in [84,29,98]and in the context of the generalizedFEM. We will only
sketch the key ideas of the X-FEM applied to crack propagation problems.
For that, we will not consider the elasticity equation but the simpler scalar
caseof

� � u = 0 on 
 n 
 ; @n u = 0 on 
 + and on 
 � (6.5)

together with further boundary conditions on @
. Here, 
 + and 
 � denote
the upper and lower part of the curve 
 (see Fig. 6.7). If 
 is su�cien tly
smooth, then an expansionanalogousto that of Lemma 6.1 can be obtained,
namely, near the crack tip (located at the origin), the solution u of (6.5) takes
the form

u =
1X

n =0

Sn r n= 2 cos
� n

2
'

�
;

here,the coe�cien t S1 2 R of the �rst singularity function is called, in analogy
to the elasticity case,the stressintensity factor. The solution u neednot be
continuous acrossthe curve 
 . It is, away from the crack tip, only piecewise
smooth. The idea of the X-FEM is to employ a standard FEM spaceVF E on

. This spaceignores the crack 
 but takes care of the geometry of 
 and
the boundary conditions on @
. The crack 
 is then accounted for as follows:
nodes near 
 but far from the crack tip are collected in the set I H , nodes
near the crack tip are collected in the set I C T (seeFig. 6.7 where thesesets
are denoted � and ). One de�nes the discontinuit y function

H (x) :=

(
1 if x is above 

� 1 if x is below 


and takesas approximation space

VN := VF E � spanf H  j i 2 I H g � spanf  i r 1=2 cos
1
2

' j i 2 I C T g:

This approximation spaceis chosensoasto account for the expectedsolution
behavior near the crack tip. Near the crack but away from the crack tip, the
spaceVN contains discontinuousfunctions, re
ecting the fact that the sought
solution may jump acrossthe crack 
 .
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Remark 6.5. Someextensionsof this choicewould be:a) add moresingularity
functions, b) usehigher order discontinuit y functions, e.g., H (x)� (x), where
� 2 Pp (the above construction corresponds to p = 0).

We will not analyze the approximation properties of the spaceVN de�ned
above. The following exercise,however, gives an indication of what can be
expected away from the crack tip.

Exercise 6.6. Let 
 = (� 1; 1) and consider a uniform mesh T of mesh
size h = 2=(2N + 1) with nodes x i = � 1 + ih , i = 0; : : : ; 2N + 1. Let
Sp;1(T ) � C(
) be a standard FEM spaceon the meshT and consider the
approximation of a function u that is smooth on [� 1; 0)[ (0; 1] but hasa jump
discontinuit y at 0. What convergencerate (in L 2) can be expected?Augment
the nodesxN , xN +1 with the Heaviside function H (x) = signx, i.e., consider
Sp;1(T ) � spanf  N (x)H (x);  N +1 (x)H (x)g, where  i is the standard hat
function associated with nodesx i . What convergencerate can be expected?
Consider Sp;1(T ) � spanf  N (x)H (x)x j ;  N +1 H (x)x j j j = 0; : : : ; p � 1g.

Remark 6.7. If only very few close neighbors of the crack tip are enriched
with the singularity function, then the rate of convergencecannot be ex-
pected to be good. Nevertheless, as already pointed out in Example 6.4,
good engineeringaccuracycan be reached.

6.3 Further examples: the generalized FEM

The generalizedFEM in the form [101{103] is very similar to the X-FEM.
The versatilit y of the generalizedFEM is demonstrated in [101{103] by cal-
culations on complicated domains, for example, domains with many holes
or cracks. A classicalFEM is augmented by special functions the re
ect the
proper behavior of the solution near these features. Related earlier work on
the generalizedFEM for elasticity and crack problemscanbe found in [90,34].

6.4 Bibliographical Remarks

The idea of augmenting classicalFEM spaceswith special functions adapted
to a problem has a long history. For problems with singularities (e.g., corner
singularities) it can be found in [42,20].
The bilinear form a in all the above examplesinvolves an integration over

. In practice, this integration is replaced by numerical quadrature. Based
on modern adaptive quadrature techniques (possibly including adaptive or-
der control for higher e�ciency) it is possibleto perform the integration in a
completely black box fashionwherethe usermerely needsto provide informa-
tion whether a point x 2 Rd is in 
. The \pixelation" technique of [102] can
be viewed as an exampleof such an approach. For geometrieswhosebound-
ary is piecewisesmooth or piecewisea�ne, it can be much more e�cien t to
deviate from the black box approach by employing local meshing near the
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boundary, [101,103,48,96].Note that this local meshnear the boundary need
not be regular sinceit is only usedfor quadrature purposes.The structure of
the shape functions also greatly a�ects the cost of the quadrature. Consider
asan examplethe particle partition of unit y method of [96]. There, the shape
functions whosesupport is contained in 
 are constructed such that they are
piecewisesmooth, where the regions of smoothnessare axis parallel boxes.
Clearly, this choice greatly simpli�es the design of appropriate quadrature
rules. We �nally mention that the useof numerical quadrature entails errors;
someideasfor their control are discussedin [101].

7 Enforcemen t of essential boundary conditions

In many applications, essential boundary conditions have to be enforced.As
a model problem we consider the classicalPoissonproblem: Find u 2 H 1

0 (
)
such that

a(u; v) :=
Z



r u � r v dx = F (v) :=

Z



f v; dx 8v 2 H 1

0 (
) : (7.1)

The ideashow to enforceessential boundary conditions in meshlessmehods
are essentially the sameonesas in the classicalFEM. They can be split into
two categories:

� Conforming methods: The approximation spaceVN is chosenas a sub-
spaceof H 1

0 (
), i.e., VN � H 1
0 (
). This can be achieved by

{ using cut-o� functions;
{ combining the classicalFEM near the boundary with particle meth-

ods in the interior;
{ creating H 1

0 (
)-conforming spacesin the framework of the partition
of unit y method by properly selectingthe local approximation spaces
Vi near the boundary.

� Non-conforming methods: In these methods, the variational formulation
is changed.Thesemethods include

{ Lagrangemultiplier methods,
{ collocation of boundary conditions,
{ penalty methods,
{ Nitsche's method.

7.1 Conforming metho ds

For the model case(7.1) the approximation spaceVN has to be chosen to
satisfy VN � H 1

0 (
).
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A simple approac h The simplest approach is to select from a given set
B = f ' i j i = 1; : : : ; N g of shape functions only thosethat satisfy ' i 2 H 1

0 (
),
i.e., to take

VN ;0 := spanf ' i j (supp ' i )� � 
 g: (7.2)

Good approximation properties cannot be expectedof VN ;0, however, even if
the function to be approximated is smooth:

Exercise 7.1. Let VN := spanf ' i j i = 0; : : : ; N g be the spaceof piecewise
linear functions associated with the meshgiven by the points x i = � h

2 + ih ,
i = 0; : : : ; N , h = 1=(N � 1). Consider for 
 = (0; 1) the subspaceVN ;0 � VN

givenby VN ;0 = spanf ' i j (supp ' i )� � 
 g. Show that for the smooth function
u(x) = x(1 � x) 2 H 1

0 (
) we have

inf
v2 VN ; 0

ku � vkH 1 (
) � C
p

h:

Cut-o� function metho ds In cut-o� function methods, the essential bound-
ary conditions are enforcedby multiplying an approximation spaceVN by a
weight function w, wherew vanisheson @
 and satis�es w � dist( �; @
). If w
is su�cien tly smooth and VN � H 1(
), then we obtain an H 1

0 (
)-conforming
subspaceVw;N by setting Vw;N := wVN � H 1

0 (
). Theseideascan be traced
back to [67,83]and wererevived in [57]. Concerning the approximation prop-
erties of the spaceVw;N we follow [57].

Lemma 7.2. Let k � 2, and let w 2 W k ;1 (
) be such that w � dist( �; @
) .
Then there exists C > 0 such that for any compact subset
 0 �� 
 we have
for functions u, v satisfying u = vw

kvkH k (
) � C� � 1 �
kukH k (
) + kvkH k � 1 (
 0)

�
; kvkH k � 1 (
) � CkukH k (
) ;

where � = dist(
 0; @
) .

Proof. The proof follows from Hardy's inequality. The details can be found
in [57, Thm. 6.1]. ut

Lemma 7.2 can be employed to recover the optimal rate of convergenceif
u 2 H k (
) \ H 1

0 (
):

Exercise 7.3. Let 
 � Rd have a smooth boundary. Assume the setting of
Exercise4.7. Supposethat pi = p � k � 1 � 1 for all i and that hi � h for
all i . Show, using Lemma 7.2, that the spaceVw;N = wVN satis�es

inf
v2 Vw ;N

ku � vkH 1 (
) � Chk � 1kukH k (
) 8u 2 H k (
) \ H 1
0 (
);

here VN is chosenas in Exercise4.7.

Remark 7.4. The existenceof a weight function w with the above regularity
properties is closely related to the smoothnessof @
: the \natural" choice
w(x) := dist(x; @
) is only smooth if @
 is.
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Com bination with the classical FEM A technique proposed, e.g., in
[68], is to combine shape functions of the classicalFEM with generalparticle
methods. In the vicinit y of the boundary @
, a standard meshis de�ned and a
standard FE spaceis employed.This spaceguaranteesoptimal approximation
properties and gives the 
exibilit y of the classicalFEM to handle boundary
conditions. For the approximation in the interior of 
, any system can be
used, e.g., systemsVN ;0 of the form (7.2). These ideas can be shaped into
several forms. In order to illustrate what can be expected, we present the
following example:

Example 7.5. Let 
 � R2 be a polygon, and let 2 � k � p. Let VN � H 1(
)
be an approximation spacewith the property

inf
v2 VN

ku � vkL 2 (
) + hku � vkH 1 (
) � Chk kukH k (
) : (7.3)

Let Sh := f x 2 
 j dist(x; @
) < hg be a tubular neighborhood of @
. Let T
be an a�ne, quasi-uniform triangulation of mesh size O(h) of a set 
 0 � 

that satis�es Sh � 
 0. Let Sp;1(T ) be the standard �nite element spaceof
piecewisepolynomials of degreep on the meshT and set Sp;1

0 (T ) = Sp;1(T ) \
H 1

0 (
 0). Note that by extending functions of Sp;1
0 (T ) by zero outside of 
 0,

we may think of Sp;1
0 (T ) as a subsetof H 1

0 (
). Let f  i j i 2 I @
 g � S1;1(T )
be the standard piecewiselinear hat functions associated with the nodeson
@
 and set

! :=
X

i 2 I @


 i :

Again, by the support properties of the piecewiselinear hat functions  i , we
may think of ! as being de�ned on 
. We observe:

! � 1 on @
 ; ! � 0 on 
 n 
 0;

! 2 W 1;1 (
) ; kr ! kL 1 (
) � Ch� 1:

We selectas the approximation space

Vp;N := (1 � ! )VN � Sp;1
0 (T ) � H 1

0 (
) :

We claim that for u 2 H k (
) \ H 1
0 (
)

inf
v2 Vp;N

ku � vkH 1 (
) � Chk � 1kukH k (
) : (7.4)

(7.4) is shown using the same ideas as in the proof of Theorem 4.1. Let
uN 2 VN be an approximation of u from VN such that

ku � uN kL 2 (
) + hku � uN kH 1 (
) � Chk kukH k (
) :

We will take the approximant to u from Vp;N of the form (1 � ! )uN + v,
where v 2 Sp;1

0 (T ) will be determined below. The error can be written as
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u � (1 � ! )uN � v = (1 � ! )(u � uN ) + (! u � v). For the �rst term, we
calculate

k(1 � ! )(u � uN )kL 2 (
) + hk(1 � ! )(u � uN )kH 1 (
) � Chk kukH k (
) ;

which hasthe desiredform (7.4). Wenow turn to the de�nition of v 2 Sp;1
0 (T ),

which approximates ! u. We select I p� 1u 2 Sp� 1;1(T ) by a standard FEM
interpolation procedure.Then, (I p� 1u)j@
 = 0 and

ku � I p� 1ukL 2 (K ) + hkr (u � I p� 1u)kL 2 (K ) � Chk jujH k (K ) 8K 2 T :

Here,we exploited the assumptionp � k. As the product of a piecewiselinear
function and a piecewisepolynomial of degreep � 1, the function ! I p� 1u
satis�es ! I p� 1u 2 Sp;1

0 (T ). We conclude using the support properties of !
and kr ! kL 1 (
) � Ch� 1

k! u � ! I p� 1ukL 2 (
) + hj! u � ! I p� 1ujH 1 (
) � Chk :

Thus taking v := ! I p� 1u givesan approximation (1 � ! )uN + ! I p� 1u 2 Vp;N

that realizesthe desiredbound (7.4).

Lo cal appro ximation spaces satisfying essential boundary condi-
tions The previous idea of combining the classicalFEM in a strip near the
boundary with generalapproximation spacesVN in the interior of 
 can be
viewed as a variant of the partition of unit y method where the local approx-
imation spacesVi for the patches
 i near the boundary are chosensuch that
they conform to the boundary conditions. A more general approach is the
outlined in the following exercise.

Exercise 7.6. Assumethe hypothesesof Theorem 4.1. Supposeadditionally:
if � i;D := @
 i \ @
 6= ; , then Vi � H 1

D (
 i ) := f u 2 H 1(
 i ) j uj � i;D = 0g.
Show: The spaceV of Theorem 4.1 satis�es V � H 1

0 (
), and the approxima-
tion result of Theorem 4.1 is still valid.

Local approximation spacesVi that satisfy the correct boundary conditions
can be derived in di�eren t ways. They can be determined analytically or
numerically.

Example 7.7. Let u solve Laplace's equation and assumethat u vanisheson
a straight line. Extending u by re
ection acrossthis line yields a function
(again denoted u) that is anti-symmetric with respect to this line and again
solvesLaplace'sequation. It is shown in [78] that harmonic polynomials that
are anti-symmetric with respect to this line (and hence vanish on it), can
approximate the function u at the samerate asthe full spaceHPp of harmonic
polynomials.

As discussedin Section 5.6, local approximation spacesVi can also be com-
puted numerically. If these spacesare computed using the standard FEM,
then it is easyto enforceessential boundary conditions.
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7.2 Non-conforming metho ds: Lagrange Multiplier metho ds and
collo cation techniques

The essential boundary condition could alsobe enforcedin a weaksense.The
simplest such approach is to collocate the boundary condition in a (�nite) set
of points Y � @
 as was proposed,for example, in [2,54,111].Such methods
are, however, di�cult to analyze even in the setting of the classicalFEM.
Early referencesto the LagrangeMultiplier Method are [3,4]. One intro duces
a bilinear form b : H 1(
) � H � 1=2(@
) by

b(v; � ) := h
 0v; � i H 1= 2 (@
) � H � 1= 2 (@
) ;

where 
 0 : H 1(
) ! H 1=2(@
) is the trace operator 
 0v = vj@
 . One then
considersthe problem: Find (u; � ) 2 H 1(
) � H � 1=2(@
) such that

a(u; v) + b(v; � ) = F (v) 8v 2 H 1(
) ;
b(u; � ) = 0 8� 2 H � 1=2(@
) :

(7.5)

The function u of the pair (u; � ) solving (7.5) is in fact an element of H 1
0 (
)

and also a solution of the original problem (7.1). A natural discretization of
(7.5) is to take subspacesVN � H 1(
), M N � H � 1=2(@
) and then consider
the problem: Find (uN ; � N ) 2 VN � M N such that

a(uN ; v) + b(v; � N ) = F (v) 8v 2 VN ;
b(uN ; � ) = 0 8� 2 M N :

(7.6)

We mention in passing that hv; � i H 1= 2 (@
) � H � 1= 2 (@
) =
R

@
 v� ds if � 2
L 2(@
) so that the discreteproblem (7.6) represents a linear systemof equa-
tions that can be set up for any reasonablechoiceof spaceM N (e.g., a space
of piecewiseconstant functions). One challenge in the Lagrange multiplier
method is that the spacesVN and M N cannot be chosenindependently . As
is well-known the so-called\inf-sup" condition, or Babu�ska-Brezzi condition,
needsto be satis�ed: If

inf
� 2 M N

sup
v2 VN

b(v; � )
kvkH 1 (
 k� kH � 1= 2 (@
)

� 
 N > 0; (7.7)

then the error u � uN satis�es (see,e.g., [94, Thm. 5.13])

ku � uN kH 1 (
) � C
�

1 +
1


 N

�
inf

(v;� )2 VN � M N

ku � vkH 1 (
) + k� � � kH � 1= 2 (@
) :

This bound suggeststhat the inf-sup constant 
 N should be bounded away
from zero uniformly in the discretization parameter N to guarantee good
performance. The condition 
 N > 0 is indeed necessaryas the following
exerciseshows.
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Exercise 7.8. Show: 
 N = 0 implies that the matrix representing the linear
system (7.6) is not invertible.

In the classicalFEM, various combinations of spacesVN and M N are known
to be \stable" in the sensethat (7.6) holds for a constant independent of
the meshsize;we refer to [100] for a more detailed discussionand appropri-
ate references.In the context of the classicalFEM, a key ingredient in the
stabilit y proofs for pairs VN , M N are inverseestimates.To the knowledgeof
the author, such estimates are not available for meshlessmethods, and an
analysis is therefore hard. We will encounter a similar di�cult y in our anal-
ysis of Nitsche's method below; the appropriate inverseestimate is therefore
stipulated as Assumption 7.13.

7.3 Non-conforming metho ds: penalt y metho d

In the conforming FEM, one would have to choose VN � H 1
0 (
). In the

penalty method, the essential boundary conditions are weakenedby changing
the problem: Taking VN � H 1(
) and  � 1 the problem is to �nd uN 2 VN

such that

a (uN ; v) := a(uN ; v) +
Z

@

 uN v ds = F (v) 8v 2 VN : (7.8)

We recognizethis as the Galerkin approximation to the following problem:

Find u 2 H 1(
) s.t. a (u ; v) = F (v) 8v 2 H 1(
) : (7.9)

The strong form of this problem is:

� � u = f on 
 ; @n u +  u = 0 on @
 : (7.10)

One seesthat, if  ! 1 , then u ! u, where u is the solution of (7.1). We
will make this more precisebelow.

Theorem 7.9 (p enalt y metho d). Let 
 � Rd be a Lipschitz domain. Let
k � 2. Assumeu 2 H k (
) is the solution of (7.1). Let � 2 H k � 1(
) solve

� � � + � = 0 on 
 ; � j@
 = @n u on @
 . (7.11)

Assumethat the approximation space VN � H 1(
) satis�es:

inf
v2 VN

ku � vkL 2 (
) + hkr (u � v)kL 2 (
) � Chk ; (7.12)

inf
v2 VN

k� � vkL 2 (
) + hkr (� � v)kL 2 (
) � Chk � 1: (7.13)

Then there holds for a C > 0 independent of  and h

ku � uN kH 1 (
) � C
n

 � 1 +  � 1=2hk � 3=2 +  1=2hk � 1=2 + hk � 1
o

:
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Setting  = h� with the optimal value � = 2k � 1
3 gives

ku � uN kH 1 (
) � h� ; � =
2k � 1

3
:

Remark 7.10. The regularity assumption � 2 H k � 1(
) is satis�ed, for exam-
ple, if @
 is smooth.

Proof of Theorem 7.9. The proof follows the exposition of [3, Thm. 7.2.2].
From the Lax-Milgram Lemma (see, e.g., [23, Thm. 2.7.7]) we have upon
equipping the spaceH 1(
) with the norm k � k :=

p
a (�; �), which is equiv-

alent to the standard k � kH 1 (
) norm,

ku � uN k = inf
v2 VN

ku � vk :

We now write
u = u +

1
 

� + � :

The function � satis�es

a (� ; v) = a(u; v)
| {z }

=
R


 f v dx +
R

@
 @n uv ds

+  
Z

@

uv ds

| {z }
=0

� a (u ; v)
| {z }
=

R

 f v dx

�
1
 

a (� ; v)

=
Z

@

@n uv ds �

1
 

a(� ; v) �
Z

@

� v ds

| {z }
=

R
@
 @n uv ds

= �
1
 

Z



r � � r v dx:

Hence,the Lax-Milgram Lemma givesus

k� k �
1
 

k� kH 1 (
) : (7.14)

The function uN is the Galerkin approximation to u , soweget ku � uN k =
inf v2 VN ku � vk . Thus:

ku � uN k = inf
v2 VN

ku � vk � inf
v2 VN

ku � vk +
1
 

inf
v2 VN

k� � vk + k� k :

Using the bound kzk2
L 2 (@
) � CkzkL 2 (
) kzkH 1 (
) (see,e.g., Theorem A.2),

we can bound with our assumptionson the approximation properties of VN

ku � uN k � C
�

hk � 1 +  1=2hk � 1=2 +  � 1=2hk � 3=2 +  � 1	
:

Choosing  = h� � gives

ku � uN k � Chmin f � ;� =2+ k � 3=2;� � =2+ k � 1=2;k � 1g :

The optimal rate of convergenceis obtained for � = 2k � 1
3 . We get

ku� uN kH 1 (
) � ku � uN kH 1 (
) +
1
 

k� kH 1 (
) + k� kH 1 (
) � ku � uN k + C � 1;

which givesthe desiredbound. ut
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Remark 7.11. In the casek = 2, we seethat the choice � = (2k � 1)=3 leads
to the optimal rate of convergence.For k > 2, the penalty method leads to
suboptimal rates.

7.4 Non-conforming metho ds: Nitsc he's metho d

Nitsche's method was intro duced in [88]; a good accound that relates it to
various forms of LagrangeMultiplier Methods can be found in [100].Like the
penalty method, Nitsche's method alters the variational formulation albeit
in a more subtle way. For de�niteness' sake, we consider again the model
problem (7.1).
For simplicit y, we will assumethat the approximation space VN satis�es
VN � H 2(
), although weaker assumptions su�ce 3. We need to identify
the shape functions ' i that are near the boundary. Hence,upon recalling the
de�nition of patches, 
 i = (supp ' i )� , we de�ne

I @
 := f i 2 N j 
 i \ @
 6= ;g : (7.15)

For i 2 I @
 we set

� i := 
 i \ @
 ; ehi := diam � i : (7.16)

For a penalty parameter 
 > 0 de�ne

aN (u; v) := a(u; v)�
Z

@

@n uv ds�

Z

@

u@n v ds+ 


X

i 2 I @


eh� 1
i

Z

� i

uv ds: (7.17)

One variant of Nitsche's method can then be formulated as:

Find uN 2 VN s.t. aN (uN ; v) = F (v) 8v 2 VN : (7.18)

In contrast to the penalty method, Nitsche'smethod is consistent if the exact
solution is su�cien tly regular:

Lemma 7.12 (consistency of Nitsc he's metho d). Let 
 be a Lipschitz
domain. If for some " > 0 the solution u of (7.1) satis�es u 2 H 3=2+ " (
) ,
then aN (u; v) = F (v) for all v 2 VN .

Proof. By the trace theorem, the assumptionu 2 H 3=2+ " (
) guaranteesthat
@n u is well-de�ned and @n u 2 L 2(@
). Since also the Gau�-Green theorem
holds, the result now follows by inspection. ut

3 One has to be able to de�ne the conormal derivativ e @n u for u 2 VN asan element
of H � 1=2(@
) in a meaningful way. In view of practical computations, one would
lik e @n u 2 L 2(@
). For example, VN � H s (
) for somes > 3=2 su�ces.
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The consistencyresult Lemma 7.12 will allow us to obtain quasi-optimalit y
results in appropriate norms. In order to perform this analysis,we intro duce
a few discrete norms on the spaceH 3=2+ " (
):

kuk2
1=2;h :=

X

i 2 I @


eh� 1
i kuk2

L 2 ( � i ) ; (7.19)

k@n uk2
� 1=2;h :=

X

i 2 I @


ehi k@n uk2
L 2 ( � i ) ; (7.20)

kuk2
1;h := kr uk2

L 2 (
) + kuk2
1=2;h + k@n uk2

� 1=2;h : (7.21)

Central to the analysis of Nitsche's method is an inverseassumption:

Assumption 7.13 (inverse assumption). There exists Cinv > 0 such that

k@n uk� 1=2;h � Cinv kr ukL 2 (
) 8u 2 VN :

In the caseof the classicalFEM, this inverseassumption can be proved:

Exercise 7.14. Let T be a shape-regular triangulation of a polygon in R2.
For the spaceof piecewiselinears S1;1(T ), let E@
 be the set of edgesthat lie
on @
 and let he be the length of edgee 2 E@
 . Show: There exists C > 0
depending solelyon the shape-regularity constant of T such that upon setting

k@n uk2
� 1=2;h :=

X

e2E @


hek@n uk2
L 2 (e)

we have k@n uk� 1=2;h � Cinv kr ukL 2 (
) for all u 2 S1;1(T ) for somesuitable
Cinv > 0.

If the inverseAssumption 7.13 is satis�ed, then the bilinear form aN is coer-
cive on VN provided that the parameter 
 is chosensu�en tly large:

Lemma 7.15. If Assumption 7.13 is satis�ed, then we have for 
 > 2C2
inv

min
�

1
4

;
1

4Cinv
; 
 � 2C2

inv

�
kuk2

1;h � aN (u; u) 8u 2 VN ; (7.22)

jaN (u; v)j � (1 + 
 )kuk1;h kvk1;h 8u; v 2 H 3=2+ " (
) : (7.23)

Proof. Using the fact that @
 � [ i 2 I @
 � i , we can estimate with the Cauchy-
Schwarz inequality

�
�
�
�

Z

@

@n uu ds

�
�
�
� � k@n uk� 1=2;h kuk1=2;h :

Using next the bound 2jabj � �a 2 + 1
� b2, which is valid for all � > 0, we get

aN (u; u) � kr uk2
L 2 (
) � 2k@n uk� 1=2;h kuk1=2;h + 
 kuk2

1=2;h

� kr uk2
L 2 (
) � � k@n uk2

� 1=2;h � � � 1kuk2
1=2;h + 
 kuk2

1=2;h

� (1 � �C 2
inv )kr uk2

L 2 (
) + (
 � � � 1)kuk2
1=2;h ;
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where we appealed to the inverseassumption. Choosing now � = (2C2
inv )� 1

givesthe desiredbound (7.22).
The bound (7.23) follows from the trace theorem. ut

Remark 7.16. Lemma 7.15shows that the problem (7.18) is well-de�ned and
leads to a symmetric positive de�nite sti�ness matrix, provided that the
parameter 
 is choosensu�cien tly large. A good estimate on Cinv is required
for that. Determining Cinv can be formulated as an eigenvalue problem, and
a numerical schemethat works well has beenproposedin [51,96].

The consistencyresult Lemma 7.12 allows us to get quasi-optimalit y of the
Nitsche method:

Lemma 7.17. Set a := minf 1
4 ; 1

4C inv
; 
 � 2C2

inv g. Assumethat the solution
u of (7.1) satis�es u 2 H 3=2+ " (
) for some" > 0. Then

ku � uN k1;h �
�

1 +
1 + 


a

�
inf

v2 VN

ku � vk1;h :

Proof. The proof is the sameasthe proof of C�ea'slemma, for which we refer,
for example, to [23, Thm. 2.8.1]. ut

Theorem 7.18 (Con vergence of Nitsc he's metho d). Let the solution u
of (7.1) satisfy u 2 H k (
) for somek � 2. Assume:

(a) the constant a of Lemma 7.17 is positive;
(b) the sets � i , i 2 I @
 satisfy an overlap condition;
(c) hi � h for all i 2 I @
 ,
(d) inf

v2 VN

ku � vkL 2 (
) + hku � vkH 1 (
) + h2ku � vkH 2 (
) � Chk kukH k (
) .

Then
ku � uN kH 1 (
) � Chk � 1:

Proof. By the quasi-optimalit y result Lemma 7.17 it su�ces to bound the
expressioninf v2 VN ku � vk1;h . Using hi � h for all i 2 I @
 and the overlap
condition on the sets � i givesus for arbitrary v 2 VN

ku � vk2
1;h � ku � vk2

H 1 (
) + Chk@n (u � v)k2
L 2 (@
) + h� 1k@n (u � v)k2

L 2 (@
) :

The trace Theorem A.2 applied to z 2 H 2(
) givesin view of r z 2 H 1(
)

ku � vk2
1;h � C

�
ku � vk2

H 1 (
)

+ hku � vkH 1 (
) ku � vkH 2 (
) +
1
h

ku � vkL 2 (
) ku � vkH 1 (
)
	

:

The assumptionson the approximation properties of VN allow us to conclude
the argument. ut
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We required k � 2 in the proof of Theorem 7.18 for convenienceonly. The
follow exerciseshows that k > 3=2 is in fact su�cien t:

Exercise 7.19. Use Theorem A.2 to show that the approximation result of
Theorem 7.18 is true for k 2 (3=2; 2) provided

inf
v2 VN

ku � vkL 2 (
) + hku � vkH 1 (
) + hk ku � vkH k (
) � Chk kukH k (
) :

Remark 7.20. The approximation propertiesof VN stipulated in Theorem7.18
required simultaneous approximation properties of VN in three norms. Such
results were establishedin Theorem 2.6 and Proposition 3.11.

A Results from Analysis

Theorem A.1 (univ ersal extension op erator). Let 
 � Rd be a Lip-
schitz domain. Then there exists a linear operator E : L 1(
) ! L 1(Rd) with
the following properties:

(i) (Eu)j 
 = u for all u 2 L 1(
) .
(ii) For eachk 2 N0, p 2 [1; 1 ], there existsC > 0 suchthat kEukW k ;p (Rd ) �

CkukW k ;p (
) for all u 2 W k ;p (
) .

Proof. See[99, Chap. VI.3]. ut

Theorem A.2 (m ultiplicativ e trace theorem). Let 
 � Rd be a Lip-
schitz domain, s 2 (1=2; 1]. Then there exists a constant C > 0 such that for
all u 2 H s(
) the trace 
 0u = uj@
 satis�es

k
 0ukL 2 (@
) � Ckuk1� 1=(2s)
L 2 (
) kuk1=(2s)

H s (
) :

Proof. The cases = 1 is well-known (see,e.g., [23, Prop. 1.6.3]). For the case
s 2 (1=2; 1), a proof that is basedon elementary techniques can be found in
Exercise A.3. A short proof resting on the theory of interpolation spacesis
as follows. From [104, Thm. 2.9.3], we can infer the trace theorem

k
 0ukL 2 (@
) � CkukB 1= 2
2; 1 (
) ; (A.1)

where the Besov spaceB 1=2
2;1 (
) = (L 2(
) ; H 1(
)) 1=2;1; here, the K-method

of interpolation, [15,104]is employed. For s 2 (1=2; 1], the reiteration theo-
rem then allowsus to recognizeB 1=2

2;1 asan interpolation spacebetweenL 2(
)

and H s(
), namely, B 1=2
2;1 (
) = (L 2(
) ; H s(
)) � ;1, where � = 1=(2s). Insert-

ing into (A.1) the interpolation inequality kukB 1= 2
2; 1 (
) � C� kuk1� �

L 2 (
) kuk�
H s (
)

then givesthe desiredresult. ut
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Exercise A.3 (alternative proof of Theorem A.2). The present exerciseillus-
trates a very useful device of analysis, namely, how scaling arguments can
lead to multiplicativ e bounds.
For simplicit y, consider the case
 = (0; 1)d. Write � := Rd� 1 � f 0g. Using
the extensionoperator of Theorem A.1, we may assumeu 2 H s(Rd). Proceed
in several steps:

(a) Starting from the estimate kvkL 2 (@
) � CkvkH s (
) for all v 2 H s(
),
show that

kvkL 2 ( � ) � C
�
kvkL 2 (Rd ) + jvjH s (Rd )

�
8v 2 C1

0 (Rd) (A.2)

where we recall that j � jH s (Rd ) is de�ned as the Slobodeckij norm (1.1).
(b) By scaling (i.e., consideringthe function ~u(x) := u(Rx)) show that (A.2)

has actually the form

kvk2
L 2 ( � ) � C

h
Rkvk2

L 2 (Rd ) + R1� 2s jvj2H s (Rd )

i
8v 2 C1

0 (Rd) (A.3)

for arbitrary R > 0.
(c) ChooseR in (A.3) suitably to obtain kvk2

L 2 ( � ) � Ckvk2� 1=s
L 2 (Rd ) jvj1=s

H s (Rd ) .

The following theorem shows that it is possible to cover arbitrary bounded
setsby balls that satisfy a �nite overlap property:

Theorem A.4 (Besico vitc h covering theorem). Let d 2 N. Then there
exists a constant M d > 0 (depending solely on d) with the following property:
Let B be a collection of nondegenerate closed balls in Rd with supf diam B j B 2
Bg < 1 . Let A be the set of centers of the balls of B. Then there exist
countable collections B1; : : : ; BM d � B such that each Bi , i = 1; : : : ; M d, is a
collection of disjoint balls and

A �
M d[

i =1

[

B 2B i

B :

Proof. See,for example, [112, Thm. 1.3.5] or [40, Sec.1.5.2]. ut

B Prop erties of Polynomials

Theorem B.1 (p olynomial appro ximation). Let B � Rd be a ball of
diameter h � 1. Then for each polynomial degree p 2 N0 there exists a linear
operator Qp : L 1(B ) ! Pp with the following properties:

Qpu = u 8u 2 Pp; (B.1)

ku � QpukW s;q (B ) � Cp;q;k h(min f p+1 ;k g� s) + kukW k ;q (B ) ; 0 � s � k: (B.2)
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Here, the notation (�)+ representsthe function x 7! (x)+ = maxf x; 0g. The
constant Cp;q;k dependsonly on p 2 N0, q 2 [1; 1 ), d, and k � 0. The bound
(B.2) also holds for q = 1 if k and s are restricted to integer values s,
k 2 N0.
If q 2 (1; 1 ) and k > d=q or if q = 1 and k � d, then additionally

ku � QpukL 1 (B ) � ~Cp;q;k hmin f p+1 ;k g� d=qkukW k ;q (B ) ; (B.3)

where ~Cp;q;k dependsonly on p, q, d, and k.

Proof. The L 1 -bound (B.3) will be treated in the following Exercise B.2.
We elaborate the arguments of [23, Chap. 4] in order to show the statements
(B.1), (B.2). We proceedin several steps.
1. step: Let F : B1(0) ! B be an a�ne bijection. We de�ne u 7! Qpu by
(Qpu) � F := bQp(u � F ), where bQp : L 1(B1(0)) ! Pp is de�ned as in [23,
Chap. 4]. From [23, Prop. 4.3.8 and Cor. 4.1.15]we have

bQpu = u 8u 2 Pp; (B.4)

k bQpukW m; 1 (B 1 (0)) � Cm kukL 1 (B 1 (0)) for any m 2 N0. (B.5)

(B.4) implies (B.1). We therefore turn to the proof of (B.2). We set � :=
minf p+ 1; kg, let v 2 Pp be arbitrary , and calculate for s 2 [0; � ] using (B.4)
and the stabilit y result (B.5)

ku � bQpukW s;q (B 1 (0)) � ku � bQpukW �;q (B 1 (0))

� ku � vkW �;q (B 1 (0)) + k bQp(u � v)kW �;q (B 1 (0))

� ku � vkW �;q (B 1 (0)) + Ck(u � v)kL 1 (B 1 (0)) � Cku � vkW �;q (B 1 (0)) : (B.6)

2. step: In order to employ scaling arguments, we have to replace the full
norm on the right-hand side of (B.6) by a semi-norm. The technique for
doing this can be traced back to [21,31] and is basedon a compactnessar-
gument: From Rellich's theorem, [39, Chap. 5.7], we have that the embed-
ding W k ;q (B1(0)) �� W k � 1;q (B1(0)) is compact for k 2 N; for k = ~k + s
with ~k 2 N0 and s 2 (0; 1) we have W k ;q (B1(0)) �� W ~k ;q (B1(0)), [104,
Sec.1.16.4, Thm. 2]. Reasoningin the sameway by contradiction as in the
classicalproof of the Poincar�e inequality (see,e.g., [39, Sec.5.8.1]), we can
infer for p 2 N0 with p � k � 1

inf
v2P p

ku � vkW k ;q (B 1 (0)) � CjujW k ;q (B 1 (0)) 8u 2 W k ;q (B1(0)) : (B.7)

3. step: Sincev 2 Pp in (B.6) is arbitrary and � � p+ 1, we get for s 2 [0; � ]

ku � bQpukW s;q (B 1 (0)) � C inf
v2P p

ku � vkW �;q (B 1 (0)) � CjujW �;q (B 1 (0)) :
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By transforming to B and observing how the semi-norms j � jW s;q , j � jW �;q

scale(cf. (1.1)) we obtain the desiredbound (B.2) for s 2 [0; � ].
4. step: It remains to seethe bound for minf p+ 1; kg < s � k. This can only
happen for p+ 1 < k. But then p+ 1 < s and an easycalculation shows that
jQp jW s;q (B ) = 0. We concludefor the semi norm

ju � QpujW s;q (B ) � jujW s;q (B ) + jQpujW s;q (B ) = jujW s;q (B ) � CkukW k ;q (B ) :

This allows us to obtain the desiredbound (B.2) for the caseminf p+ 1; kg <
s � k. ut

Exercise B.2. Show (B.3) by proving the following two results.

(a) Show the following generalization of (B.7) for p + 1 < k and 
 := B 1(0):

inf
v2P p

ku � vkW k ;q (
) � CjujW p +1 ;q (
) +
X

j 2 N
p+2 � j <k

jujW j;q (
) + jujW k ;q (
) :

(b) The parameterk in the statement of TheoremB.1 is such that the Sobolev
embedding theorem W k ;q (B1(0)) � L 1 (B1(0)) holds. By proceedingas
in the proof of Theorem B.1 show the estimate (B.3).

Theorem B.3 (p olynomial in verse estimates). Let p 2 N0, d 2 N, k 2
N. Then there exists a constant C > 0 depending only on p, d, and there
exists a constant Ck depending only on d, p, k such that for any ball B � Rd

of radius h � 1 there holds for all � 2 Pp:

k� kL 1 (B ) � Ch� d=2k� kL 2 (B ) ;

k� kH k (B ) � Ck h� k k� kL 2 (B ) :

Proof. For h = 1 this estimate follows from the equivalenceof norm of the
�nite dimensional spacePp. The general caseh 6= 1 follows by a scaling
argument (seealso [23, Lemma 4.5.3]).

Lemma B.4. Let B1 � B2 � Rd be two balls of radius r 1, r2, respectively.
Then

k� kL 1 (B 2 ) �
�

2r2

r1

� p

k� kL 1 (B 1 ) 8� 2 Pp: (B.8)

Proof. To show this, we employ the following one-dimensionalBernstein es-
timate for r � 1, [33, Chap. 4, Thm. 2.2]:

k� kL 1 ( � r ;r ) � r pk� kL 1 ( � 1;1) 8� 2 Pp: (B.9)

Let B1 = B r 1 (x1), B2 = B r 2 (x2). Let y 2 B r 2 (x2) nf x1g be arbitrary; let l be
the line passingthrough the points y and x1. Then the length of l \ B1 is 2r1

and the length of l \ B r 2 (x2) is boundedby diam B r 2 (x2). Sincethe restriction
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of � to l can be viewed asa univariate polynomial, the one-dimensionalresult
(B.9) implies

j� (y)j � k� kL 1 ( l ) �
�

diam B r 2 (x2)
r1

� p

k� kL 1 ( l \ B 1 ) �
�

2r2

r1

� p

k� kL 1 (B 1 ) :

Sincey 2 B r 2 (x2) was arbitrary , the desiredbound (B.8) follows. ut

C Appro ximation with adapted function systems

In this appendix, we prove Theorems5.13, 5.14, and 5.17. These results are
restricted to two-dimensional problems and make use of complex variables.
We will identify R2 with the complex plane C where appropriate without
explicit mention.

C.1 The theory of Bergman and Vekua

We considerequationsof the form

� � u + a@x u + b@y u + cu = 0 on 
 � R2, (C.1)

where the constants a, b, c are real. The theory of S. Bergman [16] and
I.N. Vekua [105] assertsthe existenceof a bijection between (suitably nor-
malized) holomorphic functions and the solutions of (C.1). This bijection is
even bicontinuous in Sobolev norms:

Lemma C.1. Let 
 � C be a simply connected Lipschitz domain. Fix z0 2

 . Let H := f ' j ' holomorphic on 
 and ' (z0) realg. Then there exists a
linear map ReV with the following properties:

1. ReV(' ) solves(C.1) for every ' 2 H .
2. For every solution u of (C.1) there exists a unique ' 2 H such that

ReV(' ) = u.
3. k ReV(' )kH k (
) � Ck' kH k (
) for all ' 2 H and k � 0.
4. If u 2 H k (
) , k � 1, solves(C.1), then the corresponding ' = ReV� 1(u) 2

H is likewise in H k (
) and k' kH k (
) � CkukH k (
) .

In the last two estimates,the constant C dependson k, 
 , and the di�er ential
operator.

Proof. See [80]. Corresponding bicontinuit y results in H•older spaceshave
beenobtained in [38]. ut

Remark C.2. The caseof Laplace'sequation is particularly simple.Then ReV
reducesto the operator Re, i.e., taking the real part of a holomorphic function.
Lemma C.1 can be generalizedto the caseof real analytic coe�cien ts a, b, c;
we refer to [80] and [16,105]for the precisestatements.
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An important observation is that the operator ReV can alsobe computed for
Helmholtz's equation. For z0 = 0 and writing (x; y) in polar coordinates, it
is shown in [80] that

ReV[zn ] = n!
�

2
k

� n

cos(n' )Jn (kr ); (C.2a)

ReV[izn ] = � n!
�

2
k

� n

sin(n' )Jn (kr ); (C.2b)

hereand in the remainder of this section(r; ' ) denotespolar coordinates, i.e.,
x = r cos' , y = r sin ' ; the functions Jn are the �rst kind Besselfunctions.

C.2 Pro of of Theorems 5.13, 5.14

The approximation properties of the spacesV (p) of (5.8) are proved in [80].
The purposeof the present section is to show how the approximation prop-
erties of W (p) (see(5.7)) can be inferred from those of V (p). To that end,
we needto approximate the functions ei n' Jn (kr ) from W (p):

Lemma C.3. Let the spaces W (p) be de�ned by (5.7). Then there exists
C > 0 independent of n 2 N0 and p 2 N and there exists, for each n 2 N0, a
function v 2 W (p) such that for all R � 1, (x; y) 2 R2, k � 0 we have

jei n' Jn (kr ) � v(x; y)j � CenR ekeR ( j x j+ jy j )e� pR=e ;

jr (ei n' Jn (kr ) � v(x; y)) j � CenR (1 + keR )ekeR ( j x j+ jy j )e� pR=e :

Proof. Given n and p, we will construct the function v 2 W (p) explicitly .
1. step: We start by deriving an integral representation for ei n' Jn (kr ). From
[46, 8.411]we have for z 2 C the integral representation

Jn (z) =
1
�

Z �

� �
e� n i � + i z sin � d� : (C.3)

Next, we recall x = r cos' , y = r sin ' , and we get using the periodicit y of
the integrand in (C.3)

� ei n� =2ei n' Jn (kr ) = ei n� =2ei n'
Z �

� �
e� i n ( � + ' + � =2)+ i k r sin( � + ' + � =2) d�

=
Z �

� �
e� i n� + i k r f cos � cos ' � sin � sin ' g d� =

Z �

� �
e� i n� + i k f x cos � � y sin � g d�

=
Z �

� �
e� i n� + i k f x cos � + y sin � g d� : (C.4)

By di�eren tiating under the integral sign with respect to x and y, we obtain
a similar expressionfor the gradient of ei n' Jn (kr ).
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2. step: For � > 0 we de�ne the strip S� := f z 2 C j j Im zj < � g. We claim
that the Fourier coe�cien ts g� of periodic functions g that areholomorphic on
a strip SR decay exponentially . For � < R the expressiong� := supz2 S�

jg(z)j
is �nite and an m-fold integration by parts givesfor � 6= 0

g� =
1

2�

Z �

� �
e� i � � g(� ) d� =

1
2�

�
1
i �

� m Z �

� �
e� i � � g(m ) (� ) d� :

Using the Cauchy integral representation formula we get for � 6= 0

jg� j =

�
�
�
�
�

1
2�

m!
2� i

�
1
i �

� m I

j t j= �

Z �

� �
ei � � g(� + t)

(� t)m +1 d� dt

�
�
�
�
�

� C
m!

(� j� j)m g� :

The parameter m 2 N0 is at our disposal. We chooseit as bj� j�=ec and get,
using the generousbound m! � mm ,

m!
(� j� j)m �

�
m

� j� j

� m

�
�

j� j�=e
j� j�

� j � j �=e � 1

= ee�j � j �=e :

Thus, we arrive at
jg� j � ee� � j � j=eg� 8� 2 Z

and conclude X

j � j� p

jg� j =
2e

1 � e� �=e
e� p�=e g� : (C.5)

3. step: For p 2 N and � j := � � + 2�
p j , j = 0; : : : ; p � 1, we denote by Tp the

trap ezoidal rule for integration on the interval (� � ; � ), i.e.,

Tpf :=
2�
p

p� 1X

j =0

f (� j ):

The rule Tp is exact for trigonometric polynomials of degreep � 1, i.e.,

Tpf =
Z �

� �
f (� ) d� 8f 2 Tp := spanf ej � ; e� j � j j = 0; : : : ; p � 1g:

Hence, if the periodic function g has the Fourier representation g(� ) =P
� 2 Z g� ei � � , we can bound

�
�
�
�

Z �

� �
g(� ) d� � Tpg

�
�
�
� � 4� inf

v2T p

kg � vkL 1 ( � � ;� ) � 4�
X

j � j� p

jg� j: (C.6)

4. step: We observe that an approximation of ei n' Jn (kr ) from W (p) can be
obtained by applying the trap ezoidal rule to the integral (C.4). We set

g(� ) :=
1
�

e� i n� =2e� i n� + i k f x cos � + y sin � g
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and note v := Tpg 2 W (p). It therefore remains to get bounds on the error
ei n' Jn (kr ) � v. The function g is entire, and we can bound for any R > 0

sup
z2 SR

jg(z)j � enR ekeR ( j x j+ jy j ) : (C.7)

Hence,we get by combining (C.5), (C.6), (C.7)

jei n' Jn (kr ) � vj � 4�
X

j � j� p

jg� j � CenR ekeR ( j x j+ jy j )e� pR=e ;

where the constant C > 0 is independent of n, p, R � 1, and x, y.
5. step: The bound for the gradient r (ei n' Jn (kr ) � v) is obtained similarly:
By di�eren tiating under the integral sign, we have the representation formula
@x ei n' Jn (kr ) =

R�
� � @x g(� ) d� ; by linearit y of the operator Tp we have @x v =

Tp(@x g). Reasoningas above then givesthe desiredbound. ut

Proof of Theorems5.13 and 5.14. It only remainsto provethe approximation
properties of the spaceW (p). We will only show Theorem 5.14and leave the
proof of Theorem 5.13 to the reader. Let 
 be star-shaped with respect to
the ball B � (0). The real and imaginary parts u1 := Reu and u2 := Im u
of the complex-valued solution u of the Helmholtz equation also solve the
Helmholtz equation. Additionally , ku1kH k (
) + ku2kH k (
) � CkukH k (
) .
From the approximation properties of V (p) detailed in (5.10) and the obser-
vation (C.2) we have the existenceof holomorphic polynomials Pj 2 H N of
degreeN such that

kuj � ReV Pj kH 1 (
) � C
�

ln N
N

� � (k � 1)

: (C.8)

Lemma C.1 assertsthat ReV is bicontinuous in Sobolev spaces,so we get

kPj kH 1 (
) � Ck ReV Pj kH 1 (
) � C (C.9)

for someC > 0 that is independent of N . We now approximate ReV Pj from
W (p). To that end, we write the polynomial Pj as Pj (z) =

P N
n =0 an;j zn .

Cauchy's integral representation then gives

an;j =
1

2� i

I

j t j= �= 2

Pj (t)
(� t)n +1 dt:

The bound (C.9) and Lemma C.8 then imply

kPj kL 1 (B �= 2 (0)) �
1

p
� dist(@B �= 2(0); @B � (0))

kPj kL 2 (B � (0)) � C

for someC > 0 independent of N . From this, we infer for the coe�cien ts an;j

of the polynomial Pj

jan;j j � C
1

(�= 2)n kPj kL 2 (B � (0)) � C
1

(�= 2)n :
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In view of (C.2) and Lemma C.3, we can approximate for p � N

inf
v2 W (p)

k ReV Pj � vkH 1 (
) � C
NX

n =0

jan;j jn!
�

2
k

� n

enR (1+ keR )ekeR diam 
 e� pR=e :

Here, the constant C > 0 is independent of the parameters R and N , both
of which we will now choose.We estimate

NX

n =0

jan;j jn!enR
�

2
k

� n

� CN !e( 
 + R )N

for suitable C, 
 > 0 independent of N , R. Choosing now (ignoring the
complications do to rounding p=logp to the nearest integer)

N =
p

logp
(C.10)

we can bound logN ! � N logN = p
log p log(p=logp) � p to arrive at

NX

n =0

jan;j jn!enR
�

2
n

� n

� Ce
 0p

for someC, 
 0 > 0 independent of p and R. Hence,choosingR > 0 su�cien tly
large allows us to estimate

inf
v2 W (p)

k ReV Pj � vkH 1 (
) � Ce� bp; (C.11)

for someappropriate b > 0 independent of p. The triangle inequality ku j �
vkH 1 (
) � kuj � ReV Pj kH 1 (
) + k ReV Pj � vkH 1 (
) and making useof (C.8),
(C.10), (C.11) allows us to concludethe proof. ut

C.3 Tw o-dimensional elasticit y

For complex-valued functions, weusethe standard abbreviations @z = 1
2 (@x �

i@y ), @z = 1
2 (@x + i@y ). As discussedin (5.14), the displacement �eld (u; v)

can be expressedon simply connecteddomains in terms of two holomorphic
function ' ,  . We can then check that

2�@m
z (u + iv) = � z' (m +1) �  (m ) ; (C.12a)

� x + � y = 2Re' 0; (C.12b)

2�@z (u + iv) = (� + 1) Re' 0+ i(� � 1) Im ' 0; (C.12c)

where the stresses� x , � y are de�ned in Section 5.4. It will be convenient to
combine the components of the displacement �eld (u; v) into the complex-
valued function

u(x; y) := u(x; y) + iv(x; y):

The next lemmashowsthat the functions ' ,  appearing in the representation
formula (5.14) inherit regularity from the displacement �eld u:
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Lemma C.4. Let 
 � R2 be star-shaped with respect to a ball B � (z0). Let
the displacement �eld u = u + iv 2 H k (
) for somek 2 N. Let z0 2 
 . Let
' ,  be the holomorphic functions appearing in the representation formula
(5.14), which are uniquely determined by stipulating ' (z0) = 0. Then

k' kH k (
) + k kH k � 1 (
) � CkukH k (
) ;

where C > 0 depends only on the Lam�e constants, upper bounds on diam 
 ,
and lower bounds on � .

Proof. We will only show the casek = 1 and leave the casek > 1 to the
reader. Equation (C.12b) implies that Re' 0 2 L 2(
) with k Re' 0kL 2 (
) �
CkukH 1 (
) . Equation (C.12c) then shows that also Im ' 0 2 L 2(
) with
k Im ' 0kL 2 (
) � CkukH 1 (
) . The condition ' (z0) = 0 then allows us to infer
from Lemma C.9 that k' kL 2 (
) � Ck' 0kL 2 (
) for a constant C > 0 that
depends only on upper bounds on diam 
 and lower bounds on � . Finally,
we use once more the representation formula (5.14) to get the desired L 2

estimate for  . ut

Lemma C.5. Let 
 � C be a domain and de�ne for " > 0 the set 
 " =
f z 2 
 j B " (z) � 
 g. If f , g are holomorphic on 
 and satisfy f 2 H s(
) ,
zf 0+ g 2 H s(
) for somes 2 [0; 1], then

kzf 0+ gkH 1 (
 " ) � C" s� 1 �
kf kH s (
) + kzf 0+ gkH s (
)

	
:

Proof. The cases = 1 is trivial and the cases = 0 is very similar to the case
s 2 (0; 1). We have to bound the L 2(
 " )-norms of

@z (zf 0+ g) = f 0; @z (zf 0+ g) = zf 00+ g0:

By an interior estimate for holomorphic functions, [80, Lemma 2.4], we have
for each s0 2 [0; 1] a constant Cs0 > 0 such that for all f 2 H s0

(
) that are
holomorphic on 


kf 0kL 2 (
 " ) � C" s0� 1jf jH s 0(
) : (C.13)

For the bound on zf 00+ g0 we use Cauchy's integral representation formula
to get for z 2 
 "

zf 00+ g0 =
1

2� i

I

j t � zj= "

(z � t)f 0(t)
(z � t)2 dt

+
1

2� i

I

j t � zj= "

tf 0(t) + g(t) � (zf 0(z) + g(z))
(z � t)2 dt: (C.14)

For the secondterm, we usedadditionally
H

j z� t j= "
1

(z� t )2 dt = 0. For the �rst

integral in (C.14), weobservethat jt � zj = " implies z� t = " 2

z� t and recognize
the �rst integral to be

1
2� i

I

j t � zj= "

(z � t)f 0(t)
(z � t)2 dt =

"2

2!
2!

2� i

I

j t � zj= "

f 0(t)
(z � t)3 dt =

"2

2!
f 000(z):
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Together with bounds on the secondintegral, we arrive at

�
�
�zf 00+ g0

�
�
�
2

� C"4jf 000(z)j2 + C"+2 s sup
t 2 @B " (z)

jtf 0(t) + g(t) � (zf 0(z) + g(z)j2

jz � t j2+2 s :

Upon integrating in z 2 
 " , we can bound " 2kf 000kL 2 (
 " ) � C" s� 1 jf jH s (
)

if we note 
 " � 
 "= 3 � 
 2"= 3 � 
 and use (C.13) repeatedly, namely,
twice with s0 = 0 and once with s0 = s. For the secondterm involving the
supremum, we usethe interior estimate (C.22) to bound the supremum and
then integrate in the z-variable to obtain the desiredresult. ut

Lemma C.6. Let 
 be star-shaped with respect to the ball B � (0). Let m 2 N,
s 2 [0; 1). Let the displacement �eld (u; v) be in H m + s(
) . De�ne the function

g(t) := 2� (u((1 � t)z) + iv((1 � t)z)) :

Then for t 2 (0; 1=2)

kg(m +1) (t)kL 2 (
) + kg(m ) (t)kH 1 (
) � Ct � (1 � s) kukH m + s (
) : (C.15)

Proof. We will only show the bound on g(m ) , the other one being handled
similarly. Using the representation formula (5.14) for u = u + iv, we write

g(t) = � (1 � t)z' 0((1 � t)z) �  ((1 � t)z)) + �' ((1 � t)z);

g(m ) (t) =
h
� (1 � t)z' (m +1) ((1 � t)z) �  (m ) ((1 � t)z))

i
(� z)m

+ mz(� z)m � 1' (m ) ((1 � t)z) + � (� z)m ' (m ) ((1 � t)z);

@zg(m ) (t) = � (1 � t)(� z)m ' (m +1) ((1 � t)z) + m(� z)m � 1' (m ) ((1 � t)z)

+ �
d
dz

h
(� z)m ' (m ) ((1 � t)z)

i
;

@zg(m ) (t) = (1 � t)
�
� (1 � t)z' (m +2) ((1 � t)z) �  (m +1) ((1 � t)z)

i
(� z)m

� m
�
� (1 � t)z' (m +1) ((1 � t)z) �  (m ) ((1 � t)z)

�
(� z)m � 1

+ mz
d
dz

�
(� z)m � 1' (m ) ((1 � t)z)

�
:

The estimate (C.15) follows from the change of variables � = (1 � t)z, the
observations (C.12), and Lemma C.4. An additional ingredient to the proof
is the fact that there exists C > 0 such that BC t (z) � 
 for all z 2 (1 � t)

so that Lemma C.5 can be employed. ut

Lemma C.7. Assume the hypothesesof Lemma C.6. Let Tm be the Taylor
polynomial of g about the point t0 = " that is evaluated at t = 0, i.e.,

Tm =
mX

� =0

g( � ) (" )
(� " ) �

� !
:
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Then Tm is de�ned on 1
1� " 
 and

kTm kL 2 ( 1
1� " 
) � CkukH m (
) ; (C.16)

kTm kH 1 ( 1
1� "= 2 
) � C" � 1kukH m (
) ; (C.17)

kg(0) � Tm kL 2 (
) + "kg(0) � Tm kH 1 (
) � C"m + skukH m + s (
) : (C.18)

Proof. The bound (C.16) follows from the changeof variables� = (1� " )z, an
inspection of the de�nition of the terms g( j ) , j = 0; : : : ; m, equation (C.12),
and Lemma C.4. The proof of (C.17) follows along the samelines. Estimating
@zg(m ) (t), however, requires additionally to use Lemma C.5 and the obser-
vation that 1

1� "= 2 
 � f z 2 1
1� " 
 j B " 0(z) � 1

1� " 
 g for some" 0 � " . In the
bound (C.18), we will only show the H 1(
)-estimate. We will also exclude
the casem = 1, s = 0, which we leave to the reader. We choose� 2 (0; 1=2)
such that 2(m � 1) � 2(1 � s) + 2� > 0 and recall the Taylor formula

g(0) � Tm = �
1

m!
(� " )m g(m ) (" ) �

1
(m � 1)!

Z 0

"
g(m ) (t)( � t)m � 1 dt:

The �rst term can be bounded by " m + s� 1
�
kukH m + s (
) + kvkH m + s (
)

�
by

Lemma C.6. For the integral, we estimate









Z 0

"
g(m ) (t)tm � 1 dt










2

H 1 (
)
�

Z "

0
kg(m ) (t)k2

H 1 (
) t2(1 � s� � ) dt
Z "

0
jt � (1 � s)+ � + m � 1 j2dt;

which can again be estimated in the desiredfashion using Lemma C.6. ut

Proof of Theorem 5.17. Without lossof generality, we assumethat 
 is star-
shaped with respect to the ball B � (0). For a parameter " > 0 su�cien tly
small, which will be chosenbelow in dependenceon the polynomial degree
p, we de�ne g and Tm as in LemmasC.6, C.7. Then Tm is de�ned on 1

1� " 

and, sinceg(0) = u, we get from Lemma C.7

ku � Tm kH j (
) � C"m + s� j kukH m + s (
) ; j = 0; 1: (C.19)

From the representation formulas for the g( j ) , j = 0; : : : ; m, in the proof of
Lemma C.6, we observethat Tm hasthe form Tm = �' 1 � z' 0

1 �  1, where' 1,
 1 are functions holomorphic on 1

1� " 
 and ' 1(0) = ' (0) = 0. Lemma C.4
(together with the observation that the constant appearing in Lemma C.4
can be made independent of " 2 (0; 1=2)) and Lemma C.7 then imply

k' 1kH 1 ( 1
1� "= 2 
) + k 1kL 2 ( 1

1� "= 2 
) � CkTm kH 1 ( 1
1� "= 2 
)

� C" � 1kukH m (
) : (C.20)

Since ' 1,  1 are holomorphic on 1
1� " 
, they can be approximated on 


by (complex) polynomials at an exponential rate. Namely, by Szeg•o's ap-
proximation result (see[80, Thm. 2.6]) there exist complex polynomials ' ap ,
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 ap 2 H p of degreep such that

k' 1 � ' ap kW j; 1 (
) � Ch� � (1 + h) � pk' 1kL 2 (In t (L 4 h)) ; j = 0; 1; 2; (C.21a)

k 1 �  ap kW j; 1 (
) � Ch� � (1 + h) � pk' 1kL 2 (In t (L 4 h)) ; j = 0; 1; 2; (C.21b)

here, L h = f ' 
 (z) j jzj = 1 + hg, where ' 
 : C n B1(0) ! C n 
 is the
unique conformal map with ' 
 (1 ) = 1 and ' 0


 (1 ) > 0. The constants
C, � > 0 are independent of h and p. By geometric considerations(see[80,
Lemma 2.3]), we can ascertain the existenceof D > 0 such that for h �̂ = D"
we have Int L 4h � 1

1� "= 2 
. Hence,combining (C.19), (C.20), (C.21), we can
concludefor j 2 f 0; 1g

ku � (� z' 0
ap �  ap + �' ap )kH j (
)

� C"m + s� j kukH m + s (
) + " � �̂� (1 + (D")1=�̂ )� p" � 1kukH m (
) :

Choosing

" = K
�

log(p + 2)
p + 2

� �̂

for su�cien tly large K givesthe desiredbound stated in Theorem 5.17. ut

Lemma C.8 (in terior estimates for holomorphic functions). Let 
 �
C be a domain. De�ne for " > 0 the set 
 " := f z 2 
 j B " (z) � 
 g. Then for
any function f that is holomorphic on 


kf kL 1 (
 " ) �
1

p
� "

kf kL 2 (
) : (C.22)

Proof. The proof can be found, for example, in [76]. For the reader's con-
venience,we reproduce it here: For �xed z 2 
 " we use Cauchy's integral
representation theorem to write for any r 2 (0; " )

jf (z)j =

�
�
�
�
�

1
2� i

I

j t j= r

f (z + t)
� t

dt

�
�
�
�
�

=
1

2�

�
�
�
�
�

Z

@B 1 (0)
f (z + r t) jdtj

�
�
�
�
�
:

Multiplying this equality by r and integrating over r from 0 to " gives, if
we note that the right-hand side integral is then an area integral in polar
coordinates,

1
2

"2jf (z)j =
Z "

0
r jf (z)j dr =

1
2�

Z "

0

�
�
�
�
�

Z

@B 1 (0)
f (z + r t) jdtj

�
�
�
�
�
r dr

�
"

2
p

�

 Z "

0

Z

@B 1 (0)
jf (z + r t)j2 jdtjr dr

! 1=2

=
"

2
p

�
kf kL 2 (B " (z)) :

Sincez 2 
 " was arbitrary , the proof is complete. ut
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Lemma C.9. Let 
 � C2 be star-shaped with respect to 0 and assumethat
B � (0) � 
 . Then for f 2 H 1(
) holomorphic on 
 we have

kf � f (0)kL 2 (
) �
p

2diam 


"
1
�

+
�

2diam 

�

� 2
#1=2

kf 0kL 2 (
) : (C.23)

Proof. We de�ne � := �= (2 diam 
) < 1. Since
 is star-shaped with respect
to 0, we can write for z 2 
 by integrating on the line connecting 0 and z

f (z) � f (0) =
Z 1

t =0
zf 0(tz) dt =

Z �

t =0
zf 0(tz) dt +

Z 1

t = �
zf 0(tz) dt:

For the �rst integral, we note that t 2 (0; � ) and z 2 
 implies jtz j � �= 2.
Hence,Lemma C.8 implies

�
�
�
�
�

Z �

t =0
zf 0(tz) dt

�
�
�
�
�

�
� diam 

p

� �= 2
kf 0kL 2 (B � (0)) �

1
p

�
kf 0kL 2 (
) :

Thus,

kf � f (0)k2
L 2 (
) � 2

area(
)
�

kf 0k2
L 2 (
) + 2

Z




�
�
�
�

Z 1

t = �
zf 0(tz) dt

�
�
�
�

2

:

The secondterm is treated as follows: First, the Cauchy-Schwarz inequality
is applied to the inner integral; then the order of integration is switched, and
�nally a changeof variables � := tz is performed. This leadsto

Z




�
�
�
�

Z 1

t = �
zf 0(tz) dt

�
�
�
�

2

�
�

diam 

�

� 2

kf 0k2
L 2 (
) :

Combining the above estimates leadsto (C.23). ut
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