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Abstract. We analyze the approximation properties of some meshlessmethods.
Three typesof functions systemsare discussed:systemsof functions that reproduce
polynomials, a class of radial basis functions, and functions that are adapted to
a dieren tial operator. Additionally , we survey techniques for the enforcemert of
essetial boundary conditions in meshlessmethods.

1 Intro duction

The classical nite elemert method (FEM) is a well-establishedtool for nu-
merically solving partial di erential equations. New, non-standard methods,
that are broadly covered by the term meshlessmethals or meshfiee methals
have recertly emerged.A few examplesfrequertly mertioned in this con-
text are the diuse elemen method, [87], the element-free Galerkin (EFG,
[13,14,11]),the X-FEM (extended FEM), [84,29,98],the RKPM (reproduc-
ing kernel particle method, [72{75,70]), the generalized FEM/partition of
unity method ([7,78,79,82,9]),the hp-cloud method, [89], the particle par-
tition of unity particle method of [47{51,96], the nite point method [91],
and the method of nite spheres[30]; also the use of radial basis functions,
[65,66,108,44,61,110and the older generalized nite di erence method of
[71] fall into this category. This list is by ho meansexhaustive, and surveys
of such methods include [12,6,60]. Two of the reasonsgiven for intro ducing
such methods are:

The cost of creating good quality meshescan be high. This is particularly
true for three-dimensionalproblemsand for problemswherethe standard
FEM requiresfrequert remeshingsuch as time-dependert problems and
crack propagation problems.

For some non-standard problems, the standard FEM performs poorly.
Here, it is attractiv e to create custom-tailored methods designedfor a
particular problem at hand.

A main aim of thesenotesis to illustrate someof the mecanismsof approxi-
mation that underlie meshlessmethods. In view of the multitude of methods
and applications it is impossibleto be exhaustive, and a selectionhad to be
made concerningthe approximation spacesand the type of approximation re-
sults. With respectto the approximation spaceswe have selectedthree types:
an example of function systemsthat reproduce polynomials, a classof radial
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basisfunctions, and someexamplesof systemsthat are tailored to a partic-
ular di erential operator. The type of approximation results that we obtain
are mostly formulated with a view to an application in projection methods
for secondorder elliptic problems. Sincethe natural setting of such problems
is that of the Hilbert spaceH ! (or subspaceghereof), most approximation
results are formulated in this norm.

1.1 Notation

General Notation We write N = f1;2;:::;g for the positive integersand
No = N[ fOg represerts the non-negative integers.R* standsfor the positive
real numbers, R; = R* [ fOg for the non-negative real numbers. We will
denote by P, the spaceof pol}snomials of degreep in d variables, i.e., P, =
sparf id:l X;'J i 2 No with id:l i pg. The Euclidean norm on R% will
be denotedby k k,. Balls of radius r certered at x, are denoted by B, (Xo).

Spaces and Domains For domains RY, integersk 2 Np and q 2

[1;1 ] the Sobolev spacesW®4() are de ned in the usual way (see, e.g.,
[23, Chap. 1]). Also for valuesof k 62Ng and g 2 [1;1 ), the Sobolev spaces
WXd() are de ned in the usual way, [23]; they can be equipped with the

so-called Soholev-Slobodedij norm as follows: we write k = K+ , where
K2 Np and 2 (0;1), and we de ne

KUKy o () = KUKQ gy ¥ TRy

where the semi-normj jy«a() is givenby

Z Z . .
_X iD u(x) D u(y)j®
kx  yk§*d

UG dxdy: (L)
2Ng
j =K

We remark in passingthat an equivalent de nition of the fractional order
Soholev spacesW 9() basedon the interpolation of spacesusing the K -
method is possible, [15,104]. The caseq = 2 is special in that the spaces
WX2() are Hilbert spacesit is customary to write H*() = Wk2().

We denote by H3() = fu 2 H() juje = 0Og the spaceof functions of
H1() that vanish on the boundary of .

For 2 RYwith k kx=1,x2R% r>0,and 2 (0; ) wede ne the cone

C(x; ; ;r):=B,x)\ fy2RYj(y x)> >ky xkcosg: (1.2)

A domain s saidto satisfy a conecondition with angle and radiusr if for
eahh x 2 there existsa 2 RY with k k, = 1 sudh that C(x; ; ;r)
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Notation for Particle Metho ds In thesenotes,the approximation spaces
Vn will have the form

functions. We furthermore introducethe patches ;, which are the interior of
the supports of the shape functions, and the diameters h; of the patcheshby

i == (supp'i) ; h; ;= diam ; 1:

Remark 1.1. The assumptionh; 1 is made for convenienceonly and could
be replaced by boundednessof the patch diameters. .

Frequertly, a shape function ' ; will be assciated with a particle x; 2 ;.
The particles are collectedin the set

the shape functions will be important. We therefore de ne

n(x) =fi2Njx2 ;g (1.3)
n(i):=fj 2Nj j\ i6:9; 1.4)

the notation n( ) is reminiscert of \neighbor."

FEM and Pro jection Metho ds Tedniguesand terminology of the clas-
sical FEM will pervade much of these notes, and we refer to [27,23,94]for

general referenceon the topic. We will, for example, employ the notion of
shape-regular a ne triangulations T of a domain . Basedon such a tri-

angulation of , one can de ne the space SP'Y(T) H() of piecewise
polynomials of degreep. We refer to [94] for a precisede nition of SPY(T).

We will write S§'*(T) for the spaceSy (T) := SPL(T)\ H3().

Many of the results of the preseriation are obtained with a view to an ap-
plication in projection methods such asthe Galerkin method. An example of
such as setting is the following: Let X be a Hilbert space,a: X X ! Rbe
a continuous bilinear form, 1 2 X ° be a continuous linear form, and u 2 X

solve

a(u;v) = I(v) 8v 2 X: (1.5)

If VW X is asubspacethen onecande ne an approximation uy 2 Vy by:

Find uy 2 Vy sudh that  a(uy;v) = 1(v) 8v2W: (1.6)
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Once a basis of Vy is chosen,the problem (1.6) represerts a linear system
of equationsthat hasto be solved. Under suitable assumptionson the bilin-
ear form a, one has existenceand uniquenessof uy together with a quasi-
optimality result, i.e.,

ku unkx C inf ku vkx; a.7)
VZVN

where the constart C > 0 is independert of critical parameters(e.g.,N). In
this situation it is very important to understandthe approximation properties
of the spaceVy employed soasto be able to be give bounds on the in m um
in (1.7).

1.2 The notion of optimalit y

When discussingthe approximation properties of a spaceVy, it is instructiv e
to have a notion of optimality so as to be able to compare this spaceVy

with the best possible choice. One notion of optimality that is common in
approximation theory is that of n-width (see,e.qg.,[92]): For a normed space
X with norm k kx and a subsetY X onedenesforn2 N

dn = inf  sup inf ku vk ;
En X y2v V2Eq
dm E, n

here, the spacesk,, appearing in the rst inm um are arbitrary linear sub-
spacesof dimensionn. The quartity d, thus measureshow well functions of
the setY canbeapproximated from linear spacesE,, of dimensionn. Clearly,
dn dependson the error measurek kyx and the setY . For Sobolev spaceswe
have [62]:

Theorem 1.2. Let RY be a Lipschitz domain and k 1. Then there
exists C > 0 suchthat

inf su inf ku vk N (K D=d:

v O ey Ve "o

dim Vy N kUka() =1

The converseof Theorem 1.2 is well-known in classicalFEM (see,e.qg.,[23]):

Theorem 1.3. Let T be a quasi-uniform triangulation of a domain
RY with maximum element size h. Then for k 1 and the classial H*-
conforming space SP'Y(T) of piecewise polynomials of degree p we have

inf ku vk CN (minfp+lkg D=dyk :
v2SPi(T) 0 H*O

whee N = dimSPY(T) h ¢
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Theorems1.2, 1.3 show that the classicalFEM attains already the best pos-
sible rate of cornvergenceif the only information available about the function
to be approximated is membership in some Sobolev spaceH*(). In this
setting, the useof approximation spacesVy dierent from the classicalFEM
spacesis mainly justi ed by algorithmic considerations.

Remark 1.4. The approximation results of these notes are obtained with a
view to an application in classicalprojection methods such as the Galerkin
scheme (1.6). We will not cover non-linear approximation techniques, for
which we refer to [32]. .

2 Polynomial Repro ducing Systems

The st classof approximation spacesVy that we analyzeis one where the

spaceVy reproducespolynomials of degreep. We will seethat the approxi-

mation properties of such spacesare very similar to the classicalFEM spaces.
Sud spacescan be constructed in di erent ways. One possibility is basedon

the moving least squarestechnique and will be illustrated in Section2.3.

2.1 Motiv ation

In this chapter, we will make the following assumptions:

Assumption 2.1 ( nite overlap). There existsa constart M 2 N such that for
every x 2 the cardinality n(x) of the setn(x) satises1 cardn(x) M.

P
Assumption 2.2 (polynomial reproduction property). iNzl i) ix)= ()
forall x2 andall 2 Pp.

Assumption 2.3 (stability_). ‘There exist Cstap 1, rstan 2 Np sud that
kKD ' ike: () Cswbh! ' for all i 2 f1;:::;Ngand all 2 NY with
i Tstab-

Assumption 2.4 (local comparability of patches). There exists Ccomp > 0 sudh
that Cco}np hi hy  Ceomphi foralli2f1;:::;Ngandj 2 n(i).

These assumptionsare a generalization of certain properties of the classical
FEM. For p = 1 and shape-regular a ne meshesT, the classical piecewise
linear FEM shape functions satisfy the above assumptions.For p > 1, the
shape functions employed in the FEM are not as standardized; nevertheless,
a basis of SP'Y(T) satisfying Assumptions 2.1{2.4 can be constructed as the
following exerciseshows.
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B n (X))

B hi(xi)

Fig. 2.1. Notation of Theorem 2.6.

Exercise 2.5. Let T be a meshon = (0;1) determined by the points
0= Xo < X1 < < Xp = 1. Assumethat the elemen sizesare locally
comparable,i.e, C 1 X Cfori= 1:::;n 1. Construct a basis
of SPH(T) = fu 2 C([0;1])j Uj(x,x;) 2 Pp fori=0;:::;n  1g suc that
Assumptions 2.1{2.4 are satis ed. .

The construction of shape functions ' ; that satisfy Assumptions 2.1{2.4 will
be the topic of Section 2.3.

2.2 Appro ximation prop erties of systems repro ducing
polynomials

SpacesVy that satisfy Assumptions 2.1{2.4 inherit the local approximation
properties of polynomials:

Theorem 2.6. Suppmse Assumptions 2.1{2.4 hold. Let , C > 0 be given.
Choose for each x; a ball B with radiusr;  Ch; suchthat B p, (xj) B
for all j 2 n(i) and B; i (see Fig. 2.1).

Then there exists a linear operator Qy : LY(RY) ! Vy with the following

approximation property: For u 2 H¥(RY), k 2 Ng, with [\, kUkak(@.) <1

X _
2 fp+l;k .
ku Quukfs, € WMIPERESeuE, o
i=1
Remark 2.7. Theorem 2.6 could be generalizedto approximation in the space
Wka(). Additionally , the proof shows that the balls B; could be replaced
with other set, e.g., squares,rectangles.
Inspection of the proof also shows that it is su cient to have u de ned on

[ N, B instead of RY. .
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Proof of Theorem 2.6. We abbreviate := minfk;p+ 1g and denoteby
the characteristic function of the patch ;,i.e., ;(x) = 1ifx 2 ; and
j(x) = 0if x 62 ;. We note that Assumption 2.1 gives
X
1 ix) M 8x 2 (2.2)

j=1

For eath patch ; we choosewith the aid of the polynomial approximation

result TheoremB.1 (and, for the caseminf k; p+1g < minfk; rsap gthe inverse

estimate Theorem B.3 together with the assumption h; 1) a polynomial
i 2 Pp sud that

ku ikHS(Ei) Cr; Skuka(gi); s= 0;:::;minfK; rsap g: (2.2)
We then de ne the desiredapproximation Qy u by
X
Qnu:= i(Xi)' i (2.3)
i=1

Note that the map u 7! Quu is linear since the maps ujs 7! i, whose
existenceis ascertainedin Theorem B.1, is linear. By Assumption 2.2 we

X
i(x) = (%) (x) 8x 2 : (2.4)
i=1

u Qnu=u _ i (%)

X
=)+ L) O = T+ Ty
j=1

Sincethe patches i, i = 1;:::;N, cover by Assumption 2.1, we get for
eadh s= 0;:::;minfkK;rsapg
2 X 2
ku On ukHs() ku Qy ukHs( )
i=1
X

2 le;ikaS( i\) + kTZ;ikaS( i\) .
i=1

Using (2.2) we can estimate kTy; kys¢ vy by

KTy Kns( 1) Ch; Skuka(Ei) s=0;:::;minfk; rs@p g: (2.5)
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P
Hence, 1, KTu; ki< ;) canbeestimatedin the desiredfashion. For the
term involving the functions T,;, we use Assumptions 2.3 to get for any

X
ID T2i(¥)j  C i) )iy ° 5 (x):
j=1

Thus, we get for the HS-seminorm of T; on ;\

Z X ?
iT2ijfsy  C \ Ji0g)  (ihg ®
i j:]_
VAR
cM Jitg) 09)i%h ®
ij=1
z X . 2 2s
CM Jil) i x)ithy = s (2.6)
j2n(i)

where we exploited (2.1) in the secondbound and, in the last bound, we used
the obsenation that j(x) i(x) 6 O canonly happenif j 2 n(i). Forj 2 n(i)
weboundj () j(x)i ki jkus, (xy notethat i 2Py,
and usethe polynomial inverseestimate Theorem B.3 to get

d=2
ki jkLlh(B ooy Ch KGR o)
d=2
Chj ku ikLZ(B ny (X)) + ku ikLz(B nj (Xi))

Using B , (x;) B\ B, wethen get from (2.2) and Assumption 2.4
h [
ki koo, g Ch %% by kuk

+ h; kuk

H (8)) H (8)

Inserting this in (2.6) and using Assumption 2.4 gives
Jszﬁ.S( R
Z W h i

2( s) d 2 2( s) d 2 .
CM hj kUka(E,-) + h; kuka(Ei) i
j=1

P
The sum iNzl jTl;ijﬁS( \ ) can then be bounded by using again (2.1)

JTz;iJHs( i) CM hi kUKHk(Ei) o
= j=1 i=1
X z X
2 2( s) d 2 ) 2 2( s) 2 .
CM hi kUKHk(Ei) i CM hi kUka(Ei)-

i=1 i=1
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This concludesthe proof of the theorem. t
Theorem 2.6 assumesu to be de ned on RY. An extensionresult, e.g., The-
orem A.1, allows us to treat the caseof bounded domains:

Corollary 2.8. Let RY be a Lipschitz domain. Assume that the balls
B of Theorem 2.6 satisfy additionally an overlap condition, i.e., for some
M 2 N we have

supcardfi 2 Njx 2 Big M:

x2 Rd
Then there exists a linear map Qy : LY() ! Vn suchthat for each k 2 Ny
there exists C > 0 with

ku Qnukysy — hMPPREke Skukyey 5 s= 0irnminfp+ Lrsan 0

Proof. Let @y be the linear operator of Theorem 2.6 and let E : L() !
LY(RY) be the extension operator of Theorem A.1. Set Qy = ®y E.
Then by abbreviating := minfp + 1;kg we get from Theorem 2.6 for

X
2
ku Quuk®., =kEu GyEuk®,, C h¥ S)kEukak(@i)
i=1

X
2 ) 2 2 s)p 2 2 .
Ch kEUKHk(Ei) Ch M kEUka(Rd),

i=1

here, the last step followed from argumerts analogousto those employed in
the proof of Theorem 2.6. The extensionoperator E nally hasthe property
KEUKy«(rey  Ckukyk(y , which allows us to concludethe proof. u

Appro ximation of singular functions The diameters of the balls B; in
Theorem 2.6 play the role of the local meshsizein the classicalFEM approx-
imation theorem. In the classical FEM, meshesthat are locally re ned are
important, for example, for the treatment of elliptic boundary value prob-
lems in domains with piecewisesmooth geometries. The solutions of suc
problems exhibit singularities (the functions S;; of (6.2) are a typical exam-
ple), which can be resolved in the classicalFEM by the use of appropriately
graded meshes,[93,8]. In fact, the optimal rate of convergence,as measured
in error versusproblem size, can be recovered. Meshlessmethods can mimic
this mesh re nement of the classical FEM by an appropriate clustering of
particles and a corresponding shrinking of the diameters of the balls &;. The
following two Exercises2.10, 2.11illustrate this.

To stressthe analogy of our approad in Exercises2.10,2.11with the classical
FEM situation and to motivate the distribution of the diameters of the balls
B;, we rst recall the following example (see,e.g., [94, Sec.3.3.7]):
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Example2.9. Let = (0;1) andu(x) = x , 2 (1=2;1). Fix p2 N and
> p+1;§_ Considera meshT consistingof N intervals1;,i = 0;:::;N 1,

such that

diamlg Ch ; diaml; hdist(l;;0) ¥ ; i=1::N 1 (2.7)

Then, for someC > 0 independert of N we have

inf  ku  vkyi(y CN F;
v2SP1(T)

i.e., the optimal rate of corvergenceis recovered. A specic mesh T that

(x)=x ,andk = ih forh= 1=N. .

The function  of Example 2.9 maps a uniform node distribution to a highly
non-uniform onethat is suitable for the approximation of the function x 7!
X . We usethis function to create particle distributions, and we use (2.7)
as a guideline for our choice of the diameters of the patches ; and the balls
B in the following Exercise2.10. We will show there that this choiceleadsto
patchesthat satisfy Assumptions 2.1, 2.4, and we will seethat polynomials of
degreep have good approximation properties on the balls B;. The construc-
tion of concrete shape functions assaiated with these patchesthat satisfy
Assumptions 2.2, 2.3 is postponed until Exercise2.22. Corresponding results
exist for two-dimensionalproblems and are sketched in Exercises2.10, 2.23.

Exercise 2.10. Let = (0;1), u(x) = x for some 2 (1=2;1). Fix p2 Np

and choose 212> 1. Dene
(x):=x":
For N 2 Nseth = 1=N, & = ih, i = 0;:::;N, and de ne the particles
Xn = fxjji = 0;:::;Ng by x; = ( kj). Let > 0 be a parameter and
choosefor ead particle x;
( i}
_ hxil = 1;
' X1 i=0

Let a shape function ' ; be assaiated with particle x;. Assumefurthermore
that ;| := (supp'i) = B, (x).

(a) Show: For each xed M there holds h fori 2 f0;:::;Mg (The
constarts of the -notation dependon , , M).
(b) Show: There exist , °(dependingonly on , ) sud that

B (li)\ B (x)\ ) B o)\ i=0;:::;N:

Conclude that Assumption 2.1 is satis ed.
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(c) Show: Assumption 2.4 is satis ed.

(d) Let Ceomp bethe constart of Assumption 2.4, whoseexistencewas ascer-
tained in (c). Set 8 := Bg (xi) with & := (1+ (1 + )Ccomp) i- Show:
B.,(xi)\ B ,(xj)6; impliesB  (x;) B.

existsM > 0(dependingonly on , ) sudthat cardfj B\ B; 6 ;g M
foralli2f0;1;:::;Ng.

(f) Let 1, = fi 2 f0;:::;Ngj dist(B;;0) 2eg. Show: For i 2 15 the
point g = inffxjx 2 [B;g satises ¥ Xi. Furthermore, there exist
polynomials ; 2 P, sud that

ku ikLZ(Ei) + ek(u i)okLz(gi) qu+3=2gi LR

pendert of N. Show: For eahi 2 1, onecan nd a ; 2 Py such that

ku ik|_2( \B)) + e.k(u i)okLZ( \ B) Ceo+l:2;

ku k(g Ce:

(h) Assume that the shape functions ' ; satisfy Assumptions 2.2, 2.3. (We
will seein Exercise 2.22 that sud functions can be constructed with
the moving least squaresprocedureif is chosensu cien tly large). By
adapting the proof of Theorem 2.6 show that the approximation space

inf ku vkyiy ChP=CN P:
V2VN

A similar idea leadsto approximation results in two spatial dimensions:

Exercise 2.11. De ne for h = 1=n the uniform particle distribution )bn =
fkj = (ih;jh)jO i;j ng Forsome > 1,let :R2! R? begivenby
( x) = kxk, x. De ne the particle distribution X, := fx; = ( k;)j0
i;j ng. Asscciate with ead particle x;; a radius

( " 1 1= I 1" 1 .
~_ hkxj kg if (i;j) & (0;0)
! h ifi=j=0,

where > 0 is a parameter. The patches j aretakenas j := B ; (Xj ).
Set = (0;1=2)2.

(a) Proceedasin Exercise2.10to show that Assumptions 2.1 and 2.4 hold.
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with the nodesx;; satisfy additionally Assumptions2.2,2.3.(Wewill shov
in Exercise2.23that this can be achieved by taking sucien tly large).
Considera function u in polar coordinates (r;' ) ofthe formu=r ('),
where > 0and :( ", =2+")! R for some" > 0is smooth. Show:
If > 2 then

; . p. - = .
v|2n\}‘N Ku  VKy1(y ChP; h pﬁ

where N denotesthe number of particles. Note that this is the optimal
rate of convergence. .

2.3 Construction of shape functions with the moving least
squares pro cedure

The approximation result Theorem 2.6 hingeson Assumptions 2.1{2.4. In the
presert sectionwe construct shape functions that satisfy theserequirements.

Motiv ation from scattered data tting Oneapproad to construct shape
functions' ; from a collection of particles X y is basedon the so-calledmoving
least squares(MLS) technique that we describe in more detail in this section.
The MLS technique was devisedto t a \smooth" function x 7! If to a

de nes
If(x):= (x); (2.8)

where the polynomial 2 P, is the solution of the minimization problem:

X X
Find 2 P, st ifi o ()jPwi(x) ifi v(xi)jiPwi(x)  8v2 Py
i=1 i=1

(2.9)

Remark 2.12. The choice of the weight functions x 7! w;(x) depends, of
course, on the application. In practice, the weight function x 7! w;(x) is
chosento have small support or to decay rapidly askx xjk! 1 soasto
give the data points x; closeto x more weight than data points far from x. =

Under reasonableassumptionson the weight functions w;, the minimization
problem is uniguely solvable. As we will show in Theorem 2.13, this solution
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I f takesthe form

X
If(x)= fi'1(x) (2.10)
i=1
for some functions ' ;. Theorem 2.13 also provides an explicit formula for
the functions ' j. Their di eren tiabilit y properties are then analyzedin The-
orem 2.20. The goal of this sectionis to shaw that the functions shape func-
tions ' j, which are motivated by the above data tting technique, satisfy
the assumptions of the approximation result Theorem 2.6. Indeed, we will
discover that Assumption 2.2 is ensuredby construction and that Assump-
tion 2.3 can be satis ed if, roughly speaking, eact particle has su cien tly
many neighbors. Assumptions 2.1, 2.4 have to be cheded separately

Construction of the shape functions The shape functions ' ; appearing
in (2.10) are constructed in the following theorem.

wi 2 C(RY) withw; 0,i=1;:::;N begiven.Set ; := (suppw;) . Assume
that for eachx 2 thesetX (x) := fx;ji 2 n(x)gis Pp-unisolvent!. Then the
approximant | f of (2.8), (2.9) is well-de ned, and there are unigue functions
"i, 1= 1;:::;N, depending solely on X and the weight functions w; such

X
If(x)= fi' i (x):
i=1
Moreover, we havethe representation formula

x
i(x) = wi(x) k(X) k(Xi); i=1::;N; (2.112)
k=1
where f ¢jx = 1;:::;Qg is an arbitrary basis of Pp, and the values (x)
are the unique solution of the linear system
XX
Wi (X) k(Xi) 1(Xi) k(X) = 1(x); l=1:::Q: (2.12)
k=1 i=1

Proof. We follow the Fgesenation of [109].We x x 2 andseek 2 P, of

(2.8) in the form = ,Qzl €, |. The minimization problem (2.9) then leads
to the following systemof equations:Find €/, | = 1;:::;Q, suc that
I
X x '
wi(x ) fi € (xi) «(Xxi)=0  k=1L::;Q: (2.13)
i=1 I=1

LA sety RY is Pp-unisolvert, if 2 P, and (y) = Ofor all y 2 Y implies
0.
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We prove unique solvability of this linear systemof eg,uatlonsby proving that
the symmetric matrix G 2 R? Q with entries Gy = ;23 Wi(X ) 1(Xi) k(i)
is symmetric positive de nite: For a 2 R°? we compute

2

X
a”Ga = wi (X ) ax k(i) ;
i=1 k=1

in view of the assumptionw; 0, we concludethat G is positive semi-de nite.
If G werenot positive de nite, then there existed a vector a 2 RQFwith a6o0
such that a> Ga = 0. Hence,for the non-trivial polynomial e = 8:1 Ak,
we would have e(x;) = 0 for all x; 2 X(x ), sincex; 2 X(x ) implies
Xi 2 (suppw;) , i.e., by w; 2 C(RY) we have w;(x ) > 0. But then e = 0 by
our assumption of unisolvence.We have thus arrived at a cortradiction and
concludethat G is positive de nite.

We now evaluate I f (x ) = (x ) (writing Wi = wWi(X ), k= k(X))

x
x)= & (x) & wi k(i) (i)

1=1 ik ;l ik

(2:13) X

X
212
@12 fi k k(Xi);

which leadsto the desiredrepresenation formula (2.11). t

Exercise 2.14. Show: For p = 0 the functions ' ; are given by

w; (X w; (X
(X)) = P ) _p '()_ : (2.14)
Mow) jann W)
Thesefunctions are called Shephardfunctions, [97]. .

An important obsenation is that the functions ' ; constructed by the MLS
procedurereproduce polynomials, i.e., they satisfy Assumption 2.2:

Exercise 2.15. Shaw that the functions ' ; satisfy Assumption 2.2,i.e.,

i) ixX)= (x) 8x2 8 2 Pp: (2.15)

Remark 2.16. The represenation formula (2.11) shows that the functions
' i can be ewvaluated at a point x 2 by solvinga Q Q system of linear
equations.Lik ewise,by di erentiating the linear system(2.12), it is clearthat
also the valuesof derivativesof the functions x 7! (x) can be obtained as
solutions of linear systems;therefore, derivatives of the functions ' ; can be
determined. The question of bounds of the derivativ esof the functions ' ; will
be discussedin more detail in Theorem 2.20. .
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The weight functions w; have to be chosenby the user. A popular form is

W)= w X (2.16)

where the window function w is of one of the following types:

1. wis radial, i.e., w(z) = w(kzk) for som%ﬁ 'Ry ! Ry;
2. w hastensor product form, i.e., w(z) = jdzl w; (z)).

We note that if the window function w is compactly supported, then the
parameter ; in (2.16) is a measurefor the support size and hi =
diam ;. In this situation, the univariate functions & or \@ are often taken
to be compactly supported splines, e.g., the symmetric part of the classical
piecewisecubic C? B-spline given by

8

<4 6ré+3r3for0 r 1
wr)y=_ (2 r) forl<r 2

0 forr > 2.

Remark 2.17. If the window function is a radial function and has compact
support, then the norm k k on RY can be still be chosen.For example, the
patches ; can be balls (or, more generally, ellipsoids) if k k is taken as the
Euclidean norm; the patches ; can be cubesif k k;: is chosen. "

Regularit y of the shape functions Our analysis of the di eren tiabilit y
properties of the functions ' ; in Theorem 2.20 below will be basedon the
assumptionthat the weight functions w; are determined by a window function
w via (2.16). This window function w will be required to satisfy

Assumption 2.18. The window function w 2 CK(RY) satis es w(x) 0 for
all x 2 RY, and (suppw) = B1(0).

Remark 2.19. We take B1(0) asthe unit ball with respect to the Euclidean
norm. This is not essettial, howewver, and results analogousto Theorem 2.20
below hold if we replacethe Euclidean norm with another normon RY.

The formula (2.14) for the special casep = 0 suggeststhat '; 2 CK if
the weights w; are determined by a window function w satisfying Assump-
tions 2.18. Roughly speaking, if for every x 2 the number of particles in
the vicinity of x, i.e., cardn(x), is su cien tly large, then the shape functions
' i areindeedas smooth asthe window function. In order to prove this result
in Theorem 2.20 below, we introducethe Il distance function h by

h(x) := dist(x; Xn) (2.17)

and can now formulate:
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Theorem 2.20. Let satisfy a cone condition with angle and radiusr.
Let 2 (0;1), Xy = fxjji=1;:::;Ng RYandf ;j;i=1:::;Ng R".
Set

A= minf g;rg; i=1::5;N;

and assumethe covering condition
[LiB ~(xi): (2.18)

Let w satisfy Assumption 2.18, de ne the weight functions w; (x) := W(%)
with correspnding patches | = (suppw;) = B, (X;i). Supmsethat Assump-
tion 2.4 is valid. Let p2 No.

Then there exist > 0 and C > 0 (dependingonly on , r, , p, k, Ccomp)
suchthat if

sup  h(x) N 8xi 2 XN ; (2.19)
X2B A (Xi)\

then the functions ' ; of (2.11) satisfy ' ; 2 CX(RX), supp' i B ,(x;), and

kD 'iki( C/! 1 82N§ ji Kk (2.20)
Before proving Theorem 2.20it is instructiv e to ched that the assumptions
of Theorem 2.20 can be satis ed in simple circumstances.

Example 2.21. The assumption (2.19) is often formulated in a simpler, global
way. If we de ne the || distance h := sup,, h(x) and useconstart ; =

comparedto , the sizeof the supports of the patches ;. .

We have seenExercises2.10, 2.11 two examplesof highly non-uniform par-
ticle distributions and greatly varying patchessizesthat are suitable for the
approximation of singularity functions. The following two exerciseshow that
the assumptions of Theorem 2.20 can be fullled in such circumstancesas
well.

Exercise 2.22. In Exercise2.10we constructed particles and patch sizesthat

were appropriate for the approximation of the singular function x 7! x . We
assumed,however, that the shape functions ' ; satis ed Assumptions 2.2 and
2.3.Shaw that by choosing in Exercise2.10su cien tly large,the hypotheses
of Theorem 2.20are satis ed. Concludethat the shape functions obtained by

the MLS technique yield the optimal approximation result of Exercise2.10.

Hint: Show that the Il distance function h satis es

h i
h(x) C hx! ¥* +h

for a constart C > 0 independent of and N. .
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Exercise 2.23. Assumethe hypothesesof Exercise2.11. Show: If is chosen
su cien tly large, then the hypothesesof Theorem 2.20 are satis ed.

Hint: Show that the Il distancefunction h satisesh(x) C hkxké ' +h
for a constart C > 0 independent of and N. n

Proof of Theorem 2.20. The proof is broken up into seweral steps.

1. step: We notice that the represenation formula (2.11) is independert of
the choice of the basis of P,. In particular, we may chosefor ead x 2

a dierent basis. We will exploit this obsenation as follows: First, we x a

X

X);

k(X) == ex(

where, for somearbitrary (but xed) i 2 n(x ) we set

(Note that the covering condition (2.18) guaranteesthat n(x ) 6 ;). Since
2 i = hj = diam ; = diamB , (x;), Assumption 2.4 guaranteesthat

Cco%np j Ccomp 8j 2 n(x ): (2.22)

We next de ne the matrix G(x ) 2 R? Q with ertries

Gu(x )= wi(x ) k(xi) 1(xi) = w(X ‘ Xy e (X e (X0,
i=1 i2n(x ) i

By Theorem 2.13the function value' j(x ) is given by

x
i) = wi(x) k(X ) k(Xi); (2.22)
k=1
wherethe vector (x ) = ( 1(x );:::; o(x ))” 2 R is the solution of the
linear system 0 1
e1(0)
Gx) x)=B : X: (2.23)
eq(0)

In order to get bounds on the derivativesof ' ;, we needto get bounds on
the derivatives of the function . In this direction, we rst notice that the
product rule together with (2.21) gives

iDG(xx) ¢ 171 8 2N jj Kk (2.24)
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where the constart C dependsonly on , the function w, and the choice of

iDG x)j ¢ 11 82N jj k (2.25)

holds by Cramer's rule, provided that we can show the existenceof C > 0
sud that
ir12f jdetG(x )] C>0: (2.26)
X

From (2.25) follows a bound similar to (2.25) for the derivativ esof the solution

(2.21) then givesthe desiredbound (2.20) for the shape functions ' ;. We are
thus left with establishing (2.26).

2. step: To see(2.26) we prove a lower bound on the smallest eigernvalue of
the symmetric matrix G(x ). Tothat end, let a 2 R? be arbitrary but xed.
We de ne the polynomial

and obsene

X X
a’G(x )a= wi (X Jakar k(Xi) 1(xi) = wi(x )j (xi)j%  (2.27)
ikl i=1

We wish to exploit that Assumption 2.18 givesus the existenceof Cpin > 0
such that
minfw(x)jx 2 B (0)g= Cpin > O: (2.28)

Todoso,wedene < 1=2hy

1 1 1
=-— Z < Z: 2.29
2 Ccomp 2 2 ( )
where we used Ccomp 1. Next, we choose appearing in (2.19) according
to the de nition (2.33) below; in particular, therefore, < sothat there
existsan index i 2 N sudh that x 2 B A (x;). We x this index and de ne

B(x ):=fj 2Njx; 2 Xn\ B A (X))o (2.30)
Our goalin this 2. stepis to show
X X
a’G(x )a w; (x )i (x)i*>  Cmin j(x)i* (2.31)
j2e(x ) j2e(x )

The rst bound in (2.31) is obvious sincew; 0O for all j. To seethe second
estimate, in view of (2.28), it suces to seekx; x ko< % forj 2 B(x ).
Let thereforej 2 B(x ). Then

kxj  xika  kxj X ko+ kxi x ko<2 4N A;



MeshlessMethods 19
where in the last step, we used 1=2. Hence, x; 2 B ;(x;), and thus
j 2 n(i). We concludewith Assumption 2.4

N Ccomp ,\] 8] 2 B(X )Z

Together with the de nition of in (2.29), we arrive at the desired bound
kg xke< A Ceompy 35 A

3. step: To get further, we apply Lemma 2.24. Our choice of above is
preciselythe choice of Lemma 2.24sothat wecan nd C > 0 depending only
on , ,andp sud that

kK ki goxy Cmaxfj (x)jjj 28(x)g:
Thus, we get from (2.31)
aG(x)a Ck ki (g, (x -

In view of (2.21), we get from Bernstein's estimate Lemma B.4 the existence
of C > 0 (depending only on p, Ccomp and the parameter r of the cone
condition) such that k ki: g (x) Ck Ki: (s, (x )- Thus, we get

a’G(x)a Ck kig xy: (2.32)

To cortpl the smallest eigervalue of G (x ), we are therefore left with esti-
mating 8:1 jaxj® by k k2, B (x)-We achieve this by a scalingargumert:

We de ne the function =(x) := ((x x )= ) on B1(0) and note
()= aew(x):
k=1
We obsene k ki1 g,y = K kL2 (8 (x ))- By the equivalenceof norms on

nite dimensionalspace,we then get the existenceof C > 0 (depending solely

1>@ i 2 —1.2 x o a2
C Ja.kj k kLl (B1(0)) C JakJ .
k=1 k=1

This establishesthe desiredlower bound on the eigernvaluesof G (x ). Finally,
we note that this bound holds in fact uniformly in x 2 , thus completing
the proof of (2.26). u

The following lemma allows us to bound the L! -norm of a polynomial in
terms of valuesin discrete points:

Lemma 2.24. Let Xy = fx;ji=1;:::;Ng RYandf ;ji=1;:::;Ng
R*. Let RY satisfy an interior cone condition with angle and radius
r > 0. Dene

N = minf ogrg; i=1;:::;N:
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Fig. 2.2. Notation for Lemma 2.24. Left: Ball B. Right: Location of &, x , X;.

Let 2 (0;1] and p2 No. Set

sin min 11
1+ sin 3’ 36p?

Then the following holds: If [N;Ba(x)andif foralli2f1;:::;Ng

sup  h(y) *; (2.34)
Y28, (xi)\

then for eachx 2 andany x; 2 Xy \ Ba(x) andall 2 Py

K ks g ) K KLt (Bow, (xi)
41+ sin ) P
sin

2 maxti (x)jjx 2 Xy \ B 4 (x)g

Proof. The proof followsthe argumerts of [L09]and proceedsin se\eral steps.
We x x2 \ Ba(xj)and 2 P,. Wealsode ne

sin
1+ sin
and note that , z are chosensud that

3 Z

1. step: By the cone condition, there existsa coneC; = C(x; ; ; )
Elementary geometric considerations (seeFig. 2.2) then show the existence

of aball B = B~ (), where® = x + — with the following properties:

B C \' B A (X)\ Bz/\i (Xi): (235)
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2. step: From Lemma B.4, we get

K ki (s): (2.36)

4 p
Kk oy 5

It therefore suces to bound k K, ; (®) in terms of the valuesof in the
discreteset Xy \ B » (x). Towards this goal, we construct in this 2. step an
Xj 2 Xn \ B~ (x) that will be seenin the 4. step to have the property that

j (Xj)j is comparableto k K, ; () Choosex 2 B suc that
K ki g) =1 ()it

We claim the existenceof x; 2 Xy \ B\ B3~ (x ). To seethis, we recall
that % is the certer of B and de ne the auxiliary point

N +2’\im(k x) ifx 6%

X if x = R.

X =

Since 3 z, elemenary considerationsshow kx  ®kx < (z  )%; hence
B ~(X) B. The assumption (2.34) then implies the existenceof an x; 2
XN\ BA(X) Xn\ B. By the triangle inequality we furthermore get
Xj 2 B3 A (X )

3. step: Let x; be the point constructed in the 2. step and set

1 .
:=m(xj X ) if X; 6 X .

If x; = x , then choosean arbitrary 2 RY with k k, = 1. We claim:

fx +t jt2[03zN]g B:

To seethis, we rst note that the casex = % is trivial. We therefore assume
that x 6 R. From the 2. step we recall

kx  xjko NG kx xk=2N; (2.37)

sothat we can conclude
kx; x ka N (2.38)

In order to seethat x +t 2 B for t 2 [0; 2] we write

25

Xj =X +(Xx; X)=X +m(k X)+(x; X))
and compute
2N ka X ko
+ + :
kx t kkz kx kkz ka X kg t ka X kg t
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Requiring

2N '[+ka X ko

k Rk
X 2 kxj x ko kx; x ka

is equivalent to the following two inequalities:

2N ka X ko
kxj X ko

kx Rk  zZ t and

kxj x ko ]
2’\|+ka X ko’

t (kx Rko + 27)

which are indeed both satis ed for t 2 [0; %z"i] in view of kx rko  zZN
and (2.37), (2.38).

4. step: We now turn to estimating j (x )j in terms of j (x;)j. To that end,
we de ne with the vector of the fourth step the polynomial

pt) == (x +t);  t2[035z7];

andnotethat x; = x + for some with O 3 A sincex; 2 Bz A (X ).
Additionally , we have (for p 1) in view of the de nition of that %z.
Using Markov's inequality (see,e.g.,[33, Chap. 4, Thm. 1.4]), we can bound

Z
J(x ) (x)i=jptkx  xjkz)  p(0)j = . p(t) dt
2 p? 18 .
—%Z/\i kpkLl (0;%2Ai) Tp k kLl (g)

kp%

Lt (0;%2’\)

Recalling now that j (x )j = k k . (g, We get

1 . .
k I(Ll (®) 1 18p2 :ZJ (XJ )J

This estimate is also trivially true for p = 0. We therefore conclude, since
XjZXN\g XN\BI\i(X)

4" :

K KL1 (Bow, (xi)) - maxfx; jx; 2 Xn \ B~ (X)g:

1
1 182 =z
Using ﬁz and the de nition of z, we arrive at the desiredbound. u
Exercise 2.25. Assumption 2.18 requires the function w to be k-times con-

tinuously di eren tiable. Consider what assumptions (e.g., on the de nition
of n(x)) needto be changedif w isin Ck b1 .
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2.4 Bibliographical Remarks

The construction of the Qy in the proof of Theorem 2.6 that is basedon
point evaluations of locally approximating polynomials is just one possible
technique; variations of sudh constructions can be found in [6,1]. The proof
of the stability result Theorem 2.20follows in essencdg109]. Variants can be
found, for example,in [55,41,1].

The moving least squarestechnique originates from scattered data approxi-
mation. Early referencesinclude [97,45].1t is, however, just one way of gen-
erating shape functions that reproduce polynomials. Alternativ esinclude the
reproducing kernel particle methods (RKPM), [72{75,70].

One reasonfor intro ducing meshlessmethods is to alleviate the costly mesh-
ing. Completely regular mesheson the other hand are very simple to gener-
ate and have many advantages.With this in mind, the web-splines(weighted
extended B-splines) were introduced in [57]. The computational domain is
coveredwith a regular meshon which standard splinescan be de ned easily.
Appropriate adjustments near the boundary are made to be able to handle
essetial boundary conditions.

3 Appro ximation prop erties of radial basis functions

A secondclassof shape functions that can be motivated from scattered data
interpolation are radial basisfunctions (RBFs). In scattered data interpola-
tion the basic problem is as follows: given a norm k k on RY, a function

: Ry ! R, distinct points Xy = fxiji = 1;:::;Ng RY and function
valuesf;,i = 1;:::;N, the goalisto nd |f of the form

P
1f =" Lou(k xk st 1f(x)=f i=1::5N0 (31

The problem (3.1) represerts a linear system of equations. Clearly, existence
and uniquenessof | f depends on the function . An important class for
which this can be establishedis that of positive de nite functions :

De nition  3.1. A continuousfunction :Rj ! R is positive de nite, if for
with entries Gj = ( kxi x;K) is symmetric positive de nite.

Prop osition 3.2. If is positive de nite, then the interpolation problem
(3.1) is uniquely solvable.

Proof. Exercise. t

Example 3.3. Classically, the norm k k on RY is taken to be the Euclidean
norm k k». Popular examplesof radial basis%mctions are the Gaussians
((r)y=-¢e r2), Hardy's multiquadrics ( r) = 1+ r2, and the inversemul-
tiquadrics ( r) = (1+ r?) 2. It is also a widely used practice to employ
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scaledversions, that is, to usethe function € r) = ( r=h) with a suitable
scalingparameterh > 0. TheseRBFs can be usedfor scattered data interpo-
lation in any dimension. Another classis obtained by taking the fundamertal
solution of the iterated Laplacian ™. For 2m d, these RBFs are given by
(r)y=1r? 9dnrifdisevenand ( r) = r?™ 9 if d is odd. The function

in the special casem = d = 2 is called the thin-plate spline sincein the
Kirchho plate model, which is a biharmonic equation, the de ection of an
in nite plate under a point load coincideswith  (up to scaling). .

The functions of Example 3.3 do not have bounded support. As was shavn
in [106,107]it is possibleto construct RBFs that have compact support:

Example 3.4. A classof RBFs ok, k 2 Ng for applications in spatial dimen-
siond d°are the compactly supported RBFs of H. Wendland, [106,107].A
few examplesof this classare:

function smoothnesgfor problemsin RY
=00 n; Cv d=1
(=@ niEr+1) C? d=1
12(r) =@ n3(8r2+5r+1) c4 d=1
o) = (1 1)? co d 3
sa(r) = (1 r)i(@r+1) c? d 3
32(r)= (1 r)8(35r2+ 18r + 3) c* d 3

With the exceptionof 1.0, 3.0, the functions .qo satisfy Assumption 3.5
below (see[107]and Exercise3.6) and henceare positive de nite. Asin Exam-
ple 3.3 scaledversion .q(r=) for a scaling parameter > 0 are frequertly
employed as well. .

3.1 Analysis of a class of RBFs

We considerthe following classof RBF functions x 7! ( kxky):

Assumption 3.5. The Fourier transform?  of the function x 7! ( kxkz)
satis es for some > d=2andC > 0

C @+ kkd) () C@+kkd 8 2 RY:
The set of RBFs that satisfy Assumption 3.5 is not empty:

Exercise 3.6. Ched that the compactly supported RBF 1.1 of Example 3.4
for d = 1 satis es Assumption 3.5 with = 2. .

— R . . .
28y = ﬁ ra T (x)e ™ dx denotes the Fourier transform f" of a function f .
The inversion formula takesthe form f (x) = ., f( )e* d .
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The strict positivity of  stipulated in Assumption 3.5 allows usto de ne an
inner product h;i and the corresponding Hilb ert spaceH , which is called
the \nativ e space":

Z

Higi := 1f“()mol; H =ffjkfk?®:=H:fi <1g: (3.2)
Rd

We have

Prop osition 3.7. Let satisfy Assumption 3.5. Then

1.H C(RY).
2. H = H (RY) with equivalent norms.
3. 2H .

4. is positive de nite.

Proof. The secondassertionis just one of seweral equivalent de nitions of the
Soholev spacesH (RY). The other assertionsare left as an exercise. t

Theorem 3.8. Let Assumption 3.5 be valid. Then for distinct points Xy =
fxjji=1;:::;Ngandf 2 H the sattered interpolation problem:

Find If 2 Vy = sparf ( kK Xjko)ji=1;:::;Ng
suchthat If(x;)=f(xj) i=1;:::;N;

has a unique solution, which satis es

o If;vi =0 8v2 W (3.3)
and
kf 1fk = min kf vk : (3.4)
V2VN

Proof. Existence and unique follows from the fact that x 7! ( kxk;) is posi-
tive de nite. The orthogonality relation can be seenas follows: The function
Vi = (k xyko) satises v 2 Vy andta( ) = ()€« . Next,
z 1
Hoofwi = = ff @ d =f(x) If(xk)=0;
Rd

where the last step follows from the interpolation property. Hence, (3.3) is
true. This orthogonality relation implies the best approximation result (3.4)
in the k k -norm in the standard way (see,e.g., the proof of Cea'sLemma
in [23, Thm. 2.8.1]). t

Corollary 3.9 (stabilit y of scattered data interp olation). Let RY
be a Lipschitz domain (or = RY). Let Xy = fx;ji = 1;:::;Ng and
supmse Assumption 3.5. Then for all f 2 H ()
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Proof. We will only treat the caseof being a Lipschitz domain. Let E :
H () ! H (RY bethe universalextensionoperator of Theorem A.1. Since
XN , we have Ef (x;) = f(xj), i = 1;:::;N. By Proposition 3.7, the
interpolant | f exists and is unique. SinceH (RY) = H , wehave Ef 2 H
By Proposition 3.7 and Theorem 3.8 we arrive at

KEf 1fk% o, CHEf If;Ef Ifi = CHEf If;Ef]
CKEf Ifk KEfk  CKEf Ifky (ro)kEfky (re)
CKEf Ifky (reykfky ()

WeconcludekEf 1fky (rey Ckfky () .SinceEf = f on andtrivially
KEf Ifky ( CKEf Ifky (rey, the proof is complete. u

This stability result is the key to approximation results for the scattered data
interpolant | f:

Corollary 3.10. Let Assumption 3.5 be satis ed and let RY be a Lip-
schitz domain. De ne the Il distance

h:=sup min kx xjks: (3.5)
x2 1=1;5N

Then there exists C > 0 suchthat for f 2 H () there holds
kf |fk|_|s() Ch Skf kH () s 0 s

Proof. We proceedin two steps.

1. step: By Theorem 3.8, the linear operatorld 1 :H () ' W H ()
satises kld 1ky ()1 1w () C. If we can shaw the claim for s = 0, i.e.,
Kld Tky ()1 L2 Ch , then the desiredbound kId Ky () 1 Hs()
Ch s for any s 2 [0; ] follows by interpolation. We are thus left with show-
ing the special cases = 0.

2.step: Choosep 2 Ng sudh that p. By Lemma 2.24there exist C, € > 0
dependingonly on such that for = Ch wehavefor all balls B (x), x 2 :

k KLt (8 (x) CXig1Ba>(<x)j (x)j 8 2Py (3.6)

s — . .
We cover «» B (X). By the Besicovitch covering theorem, Theo-
rem A.4, we can extract from the cover B = fB (x)jx 2 g a subcover
Bj,i=j;:::;M, with the following properties: [ L1 [ 528, B and eah

collection B; consistsof countably many disjoint balls.

Wesetz := f |f andassumefor notational convenienceaswe may usingthe
extensionoperator of TheoremA.1, that z is de ned on RY with kzky (RY)
Ckzky () . For eadh ball B of [ 1, B; we selectQ 2 P, as given by the
polynomial approximation result Theorem B.1. We can then bound with the

triangle inequality and the polynomial inverseestimate of Theorem B.3
n 0
kaL2(B) kz QkLZ(B) + kaLZ(B) C kzky ()t d:ZkaLl (B)
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Our choice of the balls B in B guarantees(3.6). Hence,we can estimate
kQki: ) € maxfj Q(xi)jjxi 2 Bg= Csupfj Q(xi)jjxi 2 Bg:
Sincez vanishesin the interpolation points x;, we get

kQku: sy  CsupjQ(xi) z(z)jixi 2 Bg
ékz QkLl (B) C d:2kaH (B)>

where we used again the approximation properties in_Ll ascertained in
Theorem B.1. Using the fact that [ M [ 525, B and that for eah

2 XX 2 2 XX 2 2 X 2
kzkf 2 () kzkf.gy C kzki &) C kzkd () :
i=1 828, i=1 828, i=1

This concludesthe proof in view of the stability result Corollary 3.9. t

It is of interest to considerfunctionsf 2 Hk() with k < . Sincein this case
the function f may not be cortinuous, we cannot de ne the scattered data
interpolant; nevertheless,the spaceVy = sparf ( k  xjk)ji = 1;:::;Ng
can still have good approximation properties. Indeed, we have the following:

Prop osition 3.11. Let RY be a Lipschitz domain. Assumethat  sat-
is es Assumption 3.5. Let X be a particle distribution with |1 distance h
given by (3.5). SetVy = sparf ( kK Xjk2)jXj 2 XN g. Thenfor 0 k
and real numbers0 s sm = k, we havefor someC > 0 indepen-
dentof h andf:

xn
. . k .
VIZn\IN . hSi kf VkH Si () Ch*kf kH k() -
J:

Proof. We will prove the following, weaker statemert:

H k . .
it kE vk Ch Kk s 0s ks (3.7)

The statemert of the proposition then follows from (3.7) and a result on
simultaneous approximation in Sobolev space,[22]. To see(3.7), x s and let
:HS() ! Vy bethe HS()-orthogonal projection. Then by Corollary 3.10

kid kHs() I Hs() — 1; kld kH () ! HsQ) Ch s

Sincethe spaceH¥() can be obtained by interpolation betweenH () and
H () we arrive at the desiredbound.
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3.2 Bibliographical Remarks

The preseration here follows [86]. The presertation is restricted to posi-
tive de nite RBFs for simplicity. A very important, more general class of
functions is that of conditionally positive RBFs: For given p 2 Np, norm
k konRY afunction ( k k) is called conditionally positive de nite if for

ned By Gj = ( kx; Xx;K) is positive de nite on the set subspacefa 2
RM j :l":l ax (xk) =0 8 2 Ppg. The interpolatiqg problem (3.1) is then
replacedwith the problem of nding |If of the form szl u (k  xk)+

RBF functions we refer to [25,26,61,110].

The approximation theory for RBFs can be traced badk to the work of
Duchon, [35,36],wherein particular the RBFs that are fundamenal solu-
tions of the iterated Laplacian are analyzed.

The approximation result Proposition 3.11 is just one example of a setting
where the function f to be approximated is not in the native spaceH . We
refer to [24] and the referencethere for a more detailed discussion.

It should be noted that even for the compactly supported radial basisfunc-
tions of Example 3.4 the Gram matrix G of the interpolation problem or
the stiness matrix, if they are used as shape functions in Galerkin meth-
ods, is not sparse. Multiresolution analysis ideas have been proposed and
employed in the context of radial basis functions. For example, if for eadh

level | 2 f0;:::;Lg a collection of points x;;, i = 1;:::;Ny, is given or con-
structed, one can approximate from the spacesparf ( k( X )=hky)ji =
1;:::;Ny; 1 = 0;:::;Lg, wherethe scaling parametersh; are additional, suit-

ably chosenparameters. We refer [61] and the referencesthere for more de-
tails.

4 Partition of Unit y Metho d and Generalized FEM

The approximation properties of the spacesdiscussedin Sections?2, 3 ulti-
mately rely on the local approximation properties of polynomials. The Par-
tition of Unity Method/generalized FEM [7,78,79,82,9,101{10Bis a gener-
alization of the classical FEM and the above approachesin that it allows
the creation of special approximation spacesthat are tailored to a particular
problem. As we will seein Theorem 4.1, one can construct, starting from
local approximation spacesV;, a global approximation spaceV by meansof
a partition of unity, where the global spaceV inherits the approximation
properties from the local spacesV,. As we will illustrate in Section 5, the
approximation properties of the local spacesV; need not rely on those of
polynomials.
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4.1 Appro ximation Theory

Theorem 4.1. Let RY be a Lipschitz domaln andletf ;ji=1;:::;Ng
be a collection of Wl () functions. Set ; = (supp i) , hi =
diam ;, and assume

k ikkigy Crp; kr ki1 gy e i=1::0N,
i
X
i 1 on , supcardfi 2 Njx2 g M:
i=1 X2
Assumethat each ;, i = 1;:::;N, is a Lipschitz domain as well.
For eachi 2 f1;:::;Nglet \/I H( ;) be given and set
X ( X _ )
V= iVi = iVijvi 2V (4.1)
i=1 i=1
ThenV HY() .

Assumethat for a givenu 2 H() the spacesV; havea local approximation
property, i.e., there exist v; 2 V; suchthat

ku vikeze oy = "a(i); kr (U vi)kpz ) = "2(i): (4.2)
P
Then the approximant v := iNzl ivi 2V satises

2 2 X\I N2

ku VkLz() M C]_ J 1(')] ; (43)
it
#

X Co 2

ke (u VK2, 2M = 1D+ CEjm()i® 1 (4.4)
1

i=1

Proof. The assumption that the patches ; be Lipschitz domain is required
to ensurethat V. H1() aswe now show: By the extension result Theo-
rem A.1, there exist extension operators E; : H1( ;) ! HZ(RY). For eat
i 2 f1;:::;Ng we choosev; 2 V;. We then chek that ;(Ejv;) 2 H'() as
}ye product of a Lipschitz continuousfunction and an H *()-function. Hence,
p it iEjvi E IJl() By the support properties of thepfunctlons i we get
iz1 iVi= iZ; iEivi.In this way, weseethat V = ;. -1p Vi HY().
We will now prove (4.4) and leave (4.3) asan exercise.Using iNzl i lon
we can write with the product rule

X X X
r(u iVi)=r i(u vi)= (U v)r i+ jr(u v
i=1 i=1 i=1
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P
This allows us to bound the error e:= u NV by

Z Z R 2 R 2
jg?dx 2 (u v)r ; + ir (u v;) dx:  (4.5)
i=1 i=1

The assumption sup,, cardfijx 2 ;g M implies that for eath xed
X 2 egdw of the sums cgwstsof at most M terms. Hence, exploiting the
bound (2, g M i=1 jajj2, which is valid for any nite sequence

(3 )J ~, , and using the bounds on the functions i, r ;, wearrive at

2

N X . )

(U vi)X)r i(x) M e ()% j(u vi)(X)]
i=1 i=1

X
MCE  ilu ()P

2 X

i)r (u vi)(x) M i ()20 (U vi)(x)j?
i=1 i=1

2 X\I H 2
MCP ir (u o vi)(x)j<:
i=1

Inserting theseboundsin (4.5) then givesthe desiredestimate. t

Remark 4.2. Theorem4.1is formulated for L ?-basedspaces|an extensionto
spacesWkd, 1 < 1 is possible.If the partition of unity is smoother, i.e.,
i 2 WK () and the local spacesV; satisfy Vi  HK( ;), then againV
H¥() and analogousapproximation results in H* can be obtained. Thus,
applications requiring subspace®f H*() insteadofH1() asapproximation
spacescan easily be constructed. .

A prominent example of a partition of unity satisfying the assumptions of
Theorem 4.1 consistsof the standard basisof a FEM space:

Example 4.3. Let T be a shape-regular mesh on a domain RY. Let
fxijji = 1;:::;Ng be the verticesof T and let f ;ji = 1;:::;Ng be the
standard p|eceW|seI|near basisof S¥3(T). Thenf ;ji=1;:::; N gis a par-
tition of unity satisfying the assumptionsof Theorem 4.1. .

Remark 4.4. Partitions of unity are systemsof functions that reproducepoly-
nomials of degreep = 0. Hence,one can obtain a partition of unity with the
Shephard construction of Exercise 2.14 from a collection of particles XN =
fxiji = 1;:::;Ng and corresponding weight functions w;, i = 1;:::;N. As
discussedn Sect|0n2 3, the regularity of the shape functions obtalned in this
way is determined by the regularity of the weight functions w;.
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Of particular note in the Shephardconstruction is the casewhen ead patch

i contains an opensubset ?sucdthat °\ ;= ; forj 6 i.Then ; 1
on 9 Such a partition of unity is employedin the particle partition of unity
method of [96]. .

For practical implementations, it is important to identify a basisof the space
V. It appearsnatural to baseit on basesB; = fly; jj = 1;:::; dlm\/.g, i =

1;:::;N, and considerthe setB = f ib; ji = 1;:::;N;j = 1 """ ;;dim Vig.

In generaIB is not a basisof V asthe following exermseshcws

Exercise 4.5. Let = (0;1) and 0= xp < X3 < XN = 1 be a partition
of . let ;,i = 0;:::;N, be the standard piecewiselinear hat function
assaiated with node x. Let Vi = Pp = sparfh jj = 0;:::;pg for eath
i=0;::p Shobead|merl§|onargumert that f b ji = 0;:::;N;j =
0;:::;pgisnot abasisof V=, V. "

If the partition of unity is suitably chosen,then the setB is a basisof V:

Exercise 4.6. Let the partition of unity f ;ji = 1;:::;Ng be suc that for
eadt i there exists an openset °with 2\ supp j =; forall j 6 i. Show:
The set B is a basisof V. This fact is exploited in the particle partition of
unity of [96]. .

4.2 Example: polynomial local appro ximation spaces

There are seeral ways to employ the approximation result Theorem 4.1 in
a numerical scheme. One way is to use polynomials as local approximation
spacesV;; the partition of unity method could, for example,be obtained from
a collection of particles and the partition of unity is basedon the Shepard
function of Exercise 2.14. This is approad is pursued in a seriesof papers
by Griebel and Schweitzer [47{51] and collected in the monograph[96]. The
approximation properties of this method are comparableto the classicalFEM
asis shown in the following Exercises4.7, 4.8.

Exercise 4.7. Let RY be a Lipschitz domain. For ead patch ; choosea
polynomial degreep; 2 No and setV; := P, . Foreachi 2 f1;:::;Nglet B,
be a ball of diameter diam®; Ch; suchthat ;| B;. Assumeaddltlonally
that the balls ; satisfy an overlap condition, i.e.,
supfijx 2 Big M: (4.6)
x2Rd

Shaw: Under the hypothesesof Theorem 4.1 on the functions ; there holds

X
. 2 2(min fpi+1;kg 1) 2
v|2n\}‘N ku  vky C N kuka(E)
i=1
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In particular, if p; = p for all i and if we seth := maxh;, then

Jnf ku i Ch?mn TPk 18k )

The sizediam B; of the ball B; in Exercise4.7 plays the role of the local mesh
sizein the classicalFEM. Graded meshescan also be simulated asillustrated
in the following exercise.

Exercise 4.8. Continue Exercise4.7 for the approximation of singularity func-
tions of the form u(r;' ) = r (') asdiscussedin Exercise2.11.Let =
(0;1=2)?, let X be the particle distribution given in Exercise 2.11 with

> p= . Let the patches ; besuchthat x; 2 ; B, where® = B ,(x;)
with ; givenin Exercise2.11.Let V; = P, asin the precedingexercise.Show:
(4.6) holds, and the approximation spaceV satis es

. p.
\,'QI/ku VK 1() CN PF;

i.e., the optimal rate of convergenceis achieved. .

5 Examples of operator adapted appro ximation spaces

Theorem 4.1 allows us to construct approximation spacesv wherethe global
spaceV inherits the approximation properties of the local spacesV,. These
spacescan be custom tailored to the approximation of a function u. We
illustrate this with a few examples.

5.1 A one-dimensional example
We considerthe following one-dimensionalmodel problem:
Lu:= (@Mx)u)% bx)u=f on = (0;1); u(0)=u(@d)=0; (5.1)

whereM 2 Nanda2 L* (R) is 1-periodic. Additionally , we assumeelliptic-
ity, i.,e.,0<a a(x)forallx2 Rand0 b(x) Kkbk.: () forallx2 .
If M is large, then the coe cient a(M ) is highly oscillatory and so is the
solution u. The standard FEM performs poorly in the situation, namely, con-
vergenceis only obsened under the assumption of scaleresolution, i.e., if the
mesh sizeh is su cien tly small to resolve all scales.The following example
illustrates this.

Example 5.1. We considerthe casea = m b 0,andf 1.In the

left graph in Fig. 5.3 we show the convergencebehavior of the classicalFEM
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Fig. 5.3. Left: Convergenceof the classicalFEM. Right: Convergenceof the PUM.

basedon the spacesé?l(T) on uniform meshes.The error measureis relative
error in the energynorm, i.e.,
S R

_ aMx)j(u uy)%2dx,
- a(Mx)jug2dx (5-2)

ku Un kE

ku kE

The solution u can be computed analytically and it can be chedked that

kuk 2() M and ku°k >y = O(M?2). The classical FEM corvergence
analysisthen gives
k(U Un )q(LZ() hkUO(P(LZ() .
1, — f1;,hM g: .
KUz, Cmin 1, RTC C minf 1; g (5.3)

Weclearly obsenein Fig. 5.3the expectedasymptotic rst order convergence;
nevertheless,the asymptotic corvergencebehavior is not obsened until h

1=M, that is, until scaleresolution is reached. Note that this is in agreemen
with (5.3). .

It is possibleto designlocal approximation spacesthat have good approxi-
mation properties for the solution of (5.1).

Lemma 5.2. Let| = (Xg;Xo+ h) and < 1. Let hzkbkﬂ% < 1. Let

B = fug;u;g be a fundamental systemfor L, i.e., Lug = Lu; = Oon | and
Uo, U; are linearly independent. Then there existsa C > 0 depgending only on
a, kaki 1 (1), kbk_1 (1), , suchthat for a solution u2 H(1) of Lu = f there
holds

IEII/ ku vk m + hk(u V)q(Ll () Ch2kf K1 (1)

\"

wher V = spanB.

Proof. Sincef 2 L! (I)andu 2 H1(l) weget that u and au®are contin uous.
We then choosev 2 V sud that v(xg) = u(Xo) and (av9(xe) = (au9(xo).
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The error e := u v then satis es e(xg) = 0 and (a€%)(xo) together with
Le = f. The dierential equation Le = f givesus (a€9)°=f besothat

Z X
je()j eAtydt  hkek : y;
Xo Z
. 1 o1 1 kbky 1
i€lx)j 5J(ae°)(x)1 a f  bedt 5hkf kit gy + LT(')hkekLl (I
a a a a
Combining thesetwo estimates, we arrive at
kf ki 1 kbk; 1
keq<|_1 (1) Li(l)h"' thi(l)keOkLl ()
a a
- | —{z—}
<1l
which allows us to concludeke% : () hg(l—l)kf kii ). U

Remark 5.3. It should be noted that the approximation spacesconstructed
in Lemma 5.2 merely require a and b to be L! |[no further regularity is
required. .

Extensions of the approximation result Lemma 5.2 are obtained in the fol-
lowing exercise.

Exercise 5.4. (a) Construct a one-dimensionalspaceVy = sparf ugg suc that
Uo(Xo) = 0 and V, satis es, for u(xp) = 0and Lu = f,

inf ku vk_: )+ hk(u  V)%: gy Ch%kfke: (1y:
V2V0

(b) Let up be such that Lu, = 1. Let ug, u; be dened in Lemma 5.2. Set
V5, := sparf up; Us; U2g. Show:

inf ku vk 1 m + hk(U V)ok|_1 ) Ch3kf q(Ll (-
V2V2

(c) Construct a two-dimensionalspaceVy., = sparf up; u1g sud that v(xp) =
0 for v 2 V.2 and V., satis es, for u(xp) = Oand Lu = f,

inf ku vk : am + hk(u V)ok|_1 () Ch3kf q(Ll (-
V2V0;2

Example 5.5. We usethe partition of unity method (PUM) with a partition
of unity given by the piecewiselinear functions on a uniform meshwith mesh
size h for the approximation of the solution of (5.1) where a = m

b 0,andf (x) = x. We chooseM = 4096.In the rst experiment the local
approximation spacesare taken as the spacesV constructed in Lemma 5.2
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for the internal nodes and the spaceVy constructed in Exercise 5.4 for the

two nodesat the boundary of . In view of Lemma5.2 and Theorem 4.1 we
expect convergenceO(h) in the energy norm (cf. (5.2)), where the constart

in the O(h) cornvergenceis independentM . The convergencebehavior of this

projection method is depicted in the graph labelled\robust O(h)" in the right

picture of Fig. 5.3. Sincethe problemssizeN  1=h, the expectedcorvergence
O(h) is indeed con rmed numerically.

In the secondexperiment, the local spacesfor the internal nodes are taken
as the spacesV, of Exercise 5.4 and the spacesVy.» of Exercise 5.4 for the

boundary nodes.In view of Exercise5.4 and Theorem 4.1 we expect a conver-
genceO(h?) in the energynorm. This expectation is con rmed by the graph

labelled \robust O(h?)" in the right picture of Fig. 5.3. Again, the constart

hidden in the O(h?) corvergenceresult is independert of M . For more details
on this one-dimensionalproblem, we refer to [82]. .

Exercise 5.6. The approximation properties of the spaceV constructed in
Lemma 5.2 can also be understood by transforming the problem. Consider
the caseb 0. Then

Z 1
V = span 1; —dt
xo a(1)
Let f 2 L2(1) and de ne the change of variable g := XXO Tlt) dt. Show: The
function e(e) := u(x) is in H? (hint: write down a dierential equation
satis ed by &). Henceit can be approximated well from P;. Infer from that
approximation results for u for the approximation from V. .

Remark 5.7. The construction in Lemma5.2 exploits in a crucial way the fact
that a one-dimensionalproblem is considered:the solution spaceof homoge-
neouslinear secondorder di eren tial equationsis two-dimensional.Neverthe-
lessanalogousapproximation results can be shown for quasi one-dimensional
cases.Exercise 5.6 illustrates an old, but powerful tool of numerical mathe-
matics, namely, the use of suitable transformations. This device is also the
reasonsfor the results of [7]. In [7] problems of the form

@(ax)@u) @ (ax)@u)) = f on (0;1)?

are considered;the coe cient a a> 0 dependson the singlevariable x but
may be merely bounded and measurable.For such problems, it is shown that
local approximation spaceof the form

4

1
Xo a(t)

can lead to the optimal rate O(h). .

V = span 1; dt;y
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5.2 Laplace's Equation

We consider the two-dimensional case R? and solutions to Laplace's
equation

u=20 on . (5.4)
It seemgeasonableto try to approximate the solutions to a di erential equa-
tion with systemsof functions that likewise solve the di erential equation.
For the Laplace equation one such systemis that of harmonic polynomials:

HP, := sparf Rez";Imz"jn = 0;:::; pg; (5.5)

wherez = x + iy 2 C. Note that dmHP, = 2p+ 1. We have exponertial
convergenceif the function u to be approximated is harmonic on set that
strictly contains the domain of interest:

Theorem 5.8. Let R? be a simply connected domain and let °©
be a compact subset.Let k 2 Ng. Let u satisfy u= 0on . Then there
exist C, b> 0 suchthat for all p2 Ng

inf ku  vky«. Ce bp:
V2HP , Wit ( 0)

Proof. This result is due to Szegr. We refer to [80] for a proof. t

Example 5.9. We considerthe approximation of the solution u of (5.4), where
= (0;1)°. The exact solution is given by

1 1
+
a2+ z2 a? z?

u(x;y) = Re ; a= 105

is partitioned into n? square of equal size, and the partition of unity is
taken asthe standard bilinear hat functions assaiated with this mesh. This
partition of unity is xed and the local approximation spacesV; are taken as
HP, for dierent valuesof p 2 No. The numerical results in the left graph in
Fig. 5.4 present the result of the minimization problem

n (ng1) 2 )
kr (u wv)k
min w v2V = "iVi
in dependenceon the polynomial degreep. .

Algebraic cornvergenceresults are also available:

Theorem 5.10. Let R? be star-shamed with resgct to a ball and let
satisfy an exterior cone condition with angle . Letk J1andletu2 H¥()
satisfy (5.4). Then there exists C > 0 and harmonic polynomials u, 2 HP,
suchthat

In(p+2) * 1) .

In(p+ 2) ; ] =01

ku UpkHj() C p+ >
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a=1.05; n=2, 4, 8, 16 , approx. of Im 2?2 by harmonic polyn. on sector with angle w
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Fig. 5.4. Left: Exponential convergenceof Example 5.9. Right: Algebraic conver-
genceof Example 5.11.

Proof. See[80]. u

Example 5.11. Theorem5.10can be sharpenedin the following situation (see
[80] for a more detailed discussionof this e ect): De ne the sector S, =
f(rcos; rsin' )jo<r< 1;0<' < !gandletu(x;y) = Rez oru(x;y) =

Imz for some > 0.Thenwehavewith =2 L andany"> 0
H +".
vzlnm i ku Vvkyis,)y Cop ;
whereC- dependson ,!,and". Fig. 5.4illustrates this corvergencebehavior
by plotting for dierent valuesof ! the result of the minimization problem
Nkr (U, V)k? Y
min =2 . LS o HP, ; U= = Im 272
kr ulzszz(S! )

in dependenceon the polynomial degreep. It is noteworthy that in this
particular example may be bigger than 1|this cannot be expectedin the
situation of Theorem 5.10. .

Remark 5.12. The systemof harmonic polynomialsis just onepossiblechoice.
Near corners, the solution of (5.4) has singularities, which are known. The
corresponding singularity functions could be usedas approximation systems.
We will describe the idea of augmerting a standard FEM spacewith suc
singularity function in more detail in Section 6. .

5.3 Helmholtz equation

We considerfor two-dimensional problems the Helmholtz equation
u k?u=0 on R?, (5.6)

and we discussthe following two choicesof local approximation systems:
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1. Systemsof plane waves W (p), given by

n 0
W(p) := span €K'" Y jn=10::1;p 1 (5.7)

wherethe vectors! ,, are givenby ! , := (coszT“;sin ZTn)>'
2. Genenlized harmonic polynomials given by

V(p) := spanfJ,(kr)sin(n' );Jn(kr)cosf' )jn = 0;:::;pg; (5.8)

where we employed polar coordinates (r;' ) in the de nition of V(p); the
functions J, are the rst kind Besselfunction.

We note that dimV (p) = O(p), dimW(p) = O(p). These spaceshave the
following approximation properties:

Theorem 5.13. Let R? be a simply connected domain, ° be a
compact subset.Let u solve(5.6). Then there exist C, b> 0 suchthat for all
pP2N,p 2

inf ku vkyi o Ce P inf ku Vvkyi o Ce PP=l9P: (59)
v2V (p) v2W (p)

Proof. The rst estimate is proved in [80]. The secondone can be proved
using the argumerts detailed in SectionC.2. t

Theorem 5.14. Let R? be star-shaped with respect to a ball. Let
satisfy an exterior cone condition with angle . Letu2 H*() ,k 1, solve
(5.6). Then there exists C > 0 suchthat

: log(p+ 2) (1)
f ku vky, C 9P*2) : 5.10
v 0 p+2 ’ (510
2 (k 1)
nf ki Vi C log'(p+ 2) (5.11)

v2W (p p+t 2
Proof. (5.10) is proved in [80]. SeeSection C.2 for the proof of (5.11). t

Example 5.15. The function

u(x: — eik(cos ;sin ). e
(xy) , e

is a solution of (5.6). Let = (0;1), and let g be dened on @ by g :=
@u + iku. Then u solves
u k?u=0 on ; @u+iku=g on@: (5.12)

Let bepartitioned into n n squaresof equal size.We take asthe partition
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approximation with generalized harm. polyn. approximation with plane waves
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Fig. 5.5. Operator adapted methods for Helmholtz equation; see Example 5.15.
Local approximation spaceV (p) (left) and W (p) (right).

with the (n + 1)? nodes. The approximation spaceV is then constructed as
in Theorem 4.1 with local spacestaken either as V (p) (with p ranging from
1to 15) or asW (p) (with p 2 f2;6;10; 14; 18; 22; 26; 30; 34; 38g). Contrary to
our exposition so far, all spacesare taken as spacesover the eld C instead
of R. The numerical approximation uy is obtained asthe standard Galerkin
approximation for problem (5.12), viz.,
z Z Z Z
Finduy 2V st (ruyrv kuv)+ik uv= fv+ gv 8v2V:
@ @

Theorem 5.13 suggeststhat an exponertial rate of corvergencecould be
achieved. The numerical results for k = 32 are displayed in Fig. 5.5. In-
deed, we obsene for xed n an exponertial corvergencein p N for the
relative error ku  unky1() Sjukyi(y . Wereferto [79] for more details. =

5.4 Linear Elasticit y

In two-dimensional linear elasticity and in the absenseof body forces, the
displacemen eld (u;v) satis es the following system of equations:

@ x+@ x =0; @+ @ y=0; (5.13)
here, the stresses , y, and ,y are de ned by
x = (Qu+@v)+2 @u; y= (Qu+@V)+2 @yV; x = (Qu+@Vv):
The material constarts , are called the Lame constarts.

Remark 5.16. The above systemis written for the so-calledplane strain case.
For plane stress, should be replacedwith =2 = ( +2). .
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Let besimply connected.By [85], the displacemen eld (u;v) canthen be
expressedn terms of two holomorphic functions ' , , namely,

2 Uy +iviyl=" () %) (2) (5.14)

here,weset = ( + 3 )=( + ). This represenation is unique if we require
additionally ' (zg) = O for an arbitrarily chosenpoint z,. This represerna-
tion suggeststo useas an approximation spacefor the approximation of the
complex function u + iv the space

Vet = sparf  (z2) z Xz)  (2)] ; 2 Hyg; (5.15)

where H, denotethe spaceof (complex) polynomials of degreep. An approx-
imation result analogousto Theorem 5.10 can indeed be obtained:

Theorem 5.17. Let R? be star-shaped with resgct to a ball. Let  sat-
isfy an exterior cone condition with angle” . Letm 2 N, s 2 [0;1) and as-
sumethat the displaement eld (u;v) 2 H™*S() satis es the homgen@us
elasticity equations (5.13). Then the function u := u+ iv can be approximated
from Vst suchthat

“(m+s 1)

[ +2
inff  ku ugpkyy C log(p+ 2) Kukym+s(y -

Uap 2\/pelast p + 2
Proof. SeeSectionC.3. t

Remark 5.18. The proof of Theorem 5.17 shows that the improved rate of
convergencefor the typical singularity functions that we obsened in Exam-
ple 5.11 are also obtained for the elasticity equations. .

5.5 Further examples

The Laplace equation and the Helmholtz equation are merely two examples
of elliptic equations for which special approximation systemscan be con-
structed. A more generaltheory by S. Bergman [16{18] and I.N. Vekua [105]
is in fact available: For two-dimensionalelliptic equations of the form

u+a(x; y)@Qu+ b(x;y)@u + c(x; y)u = 0 (5.16)

wherethe functions a, b, c are real analytic on , there existsa linear operator
ReV that maps functions holomorphic on  onto solutions of solution of
(5.16). Essertially, this operator is a bijection and bicontinuous in Sobolev
norms. That is: regularity assertionsfor u can be translated into regularity
assertionsfor the corresponding holomorphic functions; this function may
then be approximation by (complex) polynomials; the image of (complex)
polynomials under ReV then yields a good approximation space.In some
cases,the operator ReV can be computed explicitly (e.g., in the caseof the



MeshlessMethods 41

Helmholtz equations, wherethe spaceV (p) is preciselythe image of complex
polynomials under the map ReV); we refer to Appendix C and [80] for more
details on this. The represeration theory of Bergman and Vekua is, due to
its closelink with complex analysis, largely a two-dimensionaltheory. Some
extensionsto three dimensionshave beendonein [28].

5.6 Local appro ximation spaces obtained numerically

In the above examplesthe local approximation spaceswere given in closed
form. They can, however, be obtained numerically aswell. For example,while
the form of the singularity functions of linear elasticity is known, the precise
exponerts have to be determined as solutions of small auxiliary problems.
More in the spirit of domain decomposition is the following approac for
problems of the form Lu = O: For eath patch ;, onechoosesa nite dimen-
sional spaceVi@ ; = sparffy; jj = 1;:::;N;g of functions that are de ned
on @ ;. The spaceV; is then obtained by (numerically) solving boundary
value problems
Lbij =0 on i;  bjje, =h:

The total computation is therefore donein two steps: rst, many local prob-
lems are solved (which can be done completely in parallel), and in a second
step a global problemsis solved. Conceptually, this is the approach taken for
examplein [5] and [58,59,37]for calculations of very heterogeneousnedia.

Remark 5.19. The functions b; were computed above as solutions of Diric h-
let problems. The approximation spaceV; could be determined by solving
other boundary value problems, e.g., by solving Neumann problems. It has
also been obsened that it is advantageousto de ne them as solutions of
boundary value problems de ned on 9, where 9 We refer, for ex-
ample, to [5] for more details on this. .

Another exampleof a method wherethe approximation spacesare determined
numerically in a preprocessingstep is the generalized FEM of [77,95] for
problems with periodic microstructures.

5.7 Bibliographical Remarks

Approximation systemsthat are tailored to the di erential operator are used
by engineers,where such methods are known, amongothers, under the name
of Tretz methods, see,e.g., [63,64,56].In the context of the partition of
unity method/generalized FEM special approximation systems have been
used in [69] for Helmholtz problems and in [90,34] for elasticity and crack
problems. The \metho d of particular solutions" [43], [19] (see,in particular,
the referencedn [19]) is closelyrelated to the ideaspresered here.

We have seenthe poor performance of the classical FEM in Section 5.1.
Indeed, it was already shown in [10] that the classical FEM can perform
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arbitrarily poorly. On the other hand, the constructions in [81] show that for
reasonableclassesof right-hand sides, it is in principle possibleto construct
good approximation spaces.Such approximation spaceshave to be adapted
to a particular problem at hand.

6 Augmen ting classical FEM spaces

The partition of unity method/generalized FEM can be viewed as a frame-
work for incorporating information about the problem into the approximation
space.The simplest such technique is to augmert a standard nite elemen
spacewith special functions.

6.1 Singular functions

The power of augmerting a classicalFEM spacewith special functions canbe
seenin the following model problem: Let R? be a polygon and consider

u=f on ; u=0 on@: (6.1)

If we denoteby A;,j = 1;:::;J, the verticesof andby!; 2 (0;2 ) the
internal angleof at Aj, then it is well-known that the classicalFEM-space
Sy'(T) that is basedon a quasi-uniform mesh T of mesh size h performs
poorly if maxj=1..;3 !'j > ; namely, the rate of convergenceis

inf  ku  vky:y  Ch ; = min —<L
v2SyiH(T) JELnd
This is indeed obsened in practice. By augmerting this FEM spaceby a few
suitably chosensingularity functions, however, we recover the optimal rate
of convergence.To this end, it is important to note the following regularity
assertionfor the solution u of (6.1):

Lemma 6.1. Let R2 be a polygon with vertices A;, j = 1;:::;J3, and
internal angles!;, j = 1;:::;J. Dene for each vertex A; the smgularlty
functions S;; , 1 = 1;2;::3; by
S-'(r----)-_<r; :Ijﬁin(iﬁlj) i i =ty 6N
P T g sinGi= ) + e y)  ifi =l 2N
(6.2)
whete (rj;' j) representpolar coordinates with origin AJ such that the two
edgesof meeting at A; fall on thelines' ; = Oand' L.

Letf 2 H ¥X() , k> 0andk 62N. Then the solutlon u of (6.1) can be
written in the form
X X
u= aij Sij + Upg;, (63)

i=1 2N
iT<k
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for somenumbers a; 2 R and ug 2 H¥*X() .
Proof. Such decompositions can be found, for example,in [52,53]. t

This regularity assertion allows us to design approximation spacesthat re-
cover the optimal rate of convergence(in terms of \error vs. problem size"):

Exercise 6.2. Fix a cut-o function ; 2 C} (R?) for eah corner A; such
that ; 1in aneighborhood of A; and suchthat ; 0in aneighborhood
of the verticesA;, i 6 j.

(a) Show: The decomposition (6.3) can take the form

X X
us= aj jSj + to;
j=1 2N
iT<k

wheretro 2 H k() \ H}(). Additionally, ;Si; 2 HE().
(b) Show: The space

Wy = SYY(T) sparf ;S;i jj = Lindii— < kg Hg()
Y

satis es _
inf ku vkyiy  Chmnfeke: (6.4)
2VnN

Note that dimVy  dim S§'(T). .

The purposeof the cut-o functions j is to localizethe singularity functions.
This could also be achieved with the aid classicalFEM functions:

Exercise 6.3. Let T be a quasi-uniform mesh on the polygon R?. Let
f ;ji=1;:::;N1g be setof the classicalpiecewiselinear hat functions asso-

Shaw: Also for this choiceof approximation spacethe approximation property
(6.4) holds. Note: Vi ~ H2() anddimVy  dim Sp*(T). .

The above construction involves only classical FEM functions and the sin-
gularity functions S;; . Of course,since > 0is xed, a rather large num-
ber of nodesis a ected (seethe left picture in Fig. 6.6, where the nodes
that require multiplication with singularity functions are denoted ), namely,
O(h 2) nodes. A variety of practitioners have therefore looked at further
simpli cations:
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Fig. 6.6. Nodesmarked are augmerted with singularity function. Left: O(h 2)
nodesare augmerted to ensureoptimal rate of convergence.Right: augmerting very
few nodes often su ces in practice.

N B

H=1
H= 1

EEERERREN

Fig. 6.7. Left: Crack problem. Right: Classical FEM mesh. Nodes are enriched
with discortin uity functions; nodes marked = are enriched with singularity function.

Example 6.4. In practice, a) only the strongestsingularity functions are added
(typically only S; 1), b) only those singularity functions at re-ertrant corners
(i.e., for cornersA; where =!; < 1) and c) h is chosen(seethe right
picture in Fig. 6.6). While the choice h does not improve the rate of
convergence,the constart is greatly improved so that in many casesgood
engineeringaccuracy is reaced. .

6.2 Crack propagation problems

Crack propagation problems have been put forward as an example where
augmening a standard FEM spacewith special functions is advantageous.
In many 2D crack problems, the crack is modelled asa curve (seeFig. 6.7).
A linear elasticity problem is solvedon n ; then the so-calledstressinten-
sity factors are extracted from the FEM solution; from these stressintensity
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factors the crack propagation is determined according to some engineering
model; nally , the cradk is extended, and the next iteration of this loop is
performed. Performing such a crack propagation analysisis costly sincethe
domain n on which the elasticity equations have to be solved, changes
in ead iteration step thus requiring (at least local) remeshing.Additionally ,
since the solution exhibits a strong singularity at the cradk tip, a strongly
re ned meshis required nearthe crack tip to resolvethis singularity and guar-
antee reliable results. The technique of augmening a standard FEM spaceby
a few special functions to overcomethesetwo di culties seemsvery attrac-
tive and hasbeenproposed,for example,under the name X-FEM (extended
FEM) in [84,29,98]and in the context of the generalizedFEM. We will only
sketch the key ideas of the X-FEM applied to crack propagation problems.
For that, we will not considerthe elasticity equation but the simpler scalar
caseof

u=0 on n ; @Qu=0 on * andon (6.5)

together with further boundary conditions on @. Here, * and denote
the upper and lower part of the curve (seeFig. 6.7). If s sucien tly
smooth, then an expansionanalogousto that of Lemma 6.1 can be obtained,
namely, near the crack tip (located at the origin), the solution u of (6.5) takes
the form .

us= S, r"2 cos n :
n=0 2

here,the coe cien t S; 2 R ofthe rst singularity function is called, in analogy
to the elasticity case,the stressintensity factor. The solution u neednot be
continuous acrossthe curve . It is, away from the crack tip, only piecewise
smooth. The idea of the X-FEM is to employ a standard FEM spaceVgg on

This spaceignoresthe crack but takes care of the geometry of and
the boundary conditions on @. The crack isthen accourted for asfollows:
nodesnear but far from the cradk tip are collected in the set |y, nodes
near the crack tip are collectedin the setlct (seeFig. 6.7 where these sets
are denoted and =). One de nes the discortin uity function

1 if X is above

H(x) := ) )
1 if x is below

and takesas approximation space
. - 1, ..
W = Vee sparfH ji2lyg sparf irl‘zcosé' ji2lcrg:

This approximation spaceis chosensoasto accourt for the expectedsolution
behavior near the crack tip. Near the crack but away from the cradk tip, the
spaceVy contains discortin uousfunctions, re ecting the fact that the sough
solution may jump acrossthe crack
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Remark 6.5. Someextensionsof this choicewould be: a) add more singularity
functions, b) usehigher order discortinuity functions, e.g.,H (x) (x), where
2 P, (the above construction correspondsto p = 0). .

We will not analyze the approximation properties of the spaceVy de ned
above. The following exercise,however, gives an indication of what can be
expected away from the crack tip.

Exercise 6.6. Let = ( 1;1) and consider a uniform mesh T of mesh
sizeh = 2=2N + 1) with nodesx; = 1+ ih,i = 0;:::;2N + 1. Let
SPY(T) C() beastandard FEM spaceon the meshT and considerthe
approximation of a function u that is smooth on[ 1;0)[ (0; 1] but hasajump
discortinuity at 0. What corvergencerate (in L?) can be expected?Augment
the nodesxy , XN +1 With the Heaviside function H (x) = signx, i.e., consider
SPT)  sparf N (X)H(X); n+1 (X)H(X)g, where ; is the standard hat
function assaiated with nodesx;. What corvergencerate can be expected?
Consider SPY(T) sparf Ny(X)HX)X; st HX)X jj=0:ip 19, =

Remark 6.7. If only very few close neighbors of the crack tip are enriched
with the singularity function, then the rate of corvergencecannot be ex-
pected to be good. Nevertheless, as already pointed out in Example 6.4,
good engineeringaccuracy can be reached. .

6.3 Further examples: the generalized FEM

The generalizedFEM in the form [101{103]is very similar to the X-FEM.

The versatility of the generalizedFEM is demonstrated in [101{103] by cal-
culations on complicated domains, for example, domains with many holes
or cracks. A classicalFEM is augmerted by special functions the re ect the
proper behavior of the solution near these features. Related earlier work on
the generalizedFEM for elasticity and crack problemscan be found in [90,34].

6.4 Bibliographical Remarks

The idea of augmerting classicalFEM spaceswith special functions adapted
to a problem has a long history. For problemswith singularities (e.g., corner
singularities) it can be found in [42,20].
The bilinear form a in all the above examplesinvolves an integration over
In practice, this integration is replaced by numerical quadrature. Based
on modern adaptive quadrature techniques (possibly including adaptive or-
der control for higher e ciency) it is possibleto perform the integration in a
completely black box fashionwherethe usermerely needsto provide informa-
tion whether a point x 2 R% isin . The \pixelation" technique of [102]can
be viewed as an example of such an approach. For geometrieswhosebound-
ary is piecewisesmooth or piecewisea ne, it can be much more e cient to
deviate from the black box approac by employing local meshing near the
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boundary, [101,103,48,96]Note that this local meshnear the boundary need
not be regular sinceit is only usedfor quadrature purposes.The structure of
the shape functions also greatly a ects the cost of the quadrature. Consider
asan examplethe particle partition of unity method of [96]. There, the shape
functions whosesupport is contained in  are constructed such that they are
piecewisesmooth, where the regions of smoothnessare axis parallel boxes.
Clearly, this choice greatly simpli es the design of appropriate quadrature
rules. We nally menrtion that the useof numerical quadrature entails errors;
someideasfor their control are discussedin [101].

7 Enforcemen t of essertial boundary conditions

In many applications, essetial boundary conditions have to be enforced.As
a model problem we considerthe classicalPoissonproblem: Find u 2 HE()
such that
z z
a(u;v) := rurvdx=F(v):= fv;dx 8v2HJ() : (7.1)

The ideashow to enforceessetial boundary conditions in meshlessmehods
are essetially the sameonesasin the classicalFEM. They can be split into
two categories:

Conforming methads: The approximation spaceVy is chosenas a sub-
spaceof H3(), i.e., Ww H@(). This can be achieved by
{ using cut-o functions;
{ combining the classicalFEM near the boundary with particle meth-
ods in the interior;
{ creating H}()-conforming spacesin the framework of the partition
of unity method by properly selectingthe local approximation spaces
Vi near the boundary.
Non-conforming methads: In these methods, the variational formulation
is changed. These methods include
{ Lagrange multiplier methods,
{ collocation of boundary conditions,
{ penalty methods,
{ Nitsche's method.

7.1 Conforming metho ds

For the model case(7.1) the approximation spaceVy hasto be chosento
satisfy Vs HE().
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A simple approac h The simplest approac is to selectfrom a given set

i.e., to take

Wn;o := sparf' i j(supp’ i) o: (7.2)
Good approximation properties cannot be expected of V.o, however, even if
the function to be approximated is smooth:

Exercise 7.1. Let Vy = sparf'iji = 0;:::;Ng be the spaceof piecewise
linear functions assiated with the meshgiven by the points x; = % + ih,
i=0;:::;N,h=1=(N 1). Considerfor = (0;1) the subspaceVn.o Wn
givenby V.o = sparf’ i j(supp’ i) g. Show that for the smooth function
u(x) = x(L x)2H() wehave

p

vz'UI;Ok“ VK 1() C h

Cut-o function metho ds In cut-o function methods, the essetial bound-
ary conditions are enforcedby multiplying an approximation spaceVy by a
weight function w, wherew vanisheson @ and satisesw  dist( ; @). If w
is su cien tly smooth andVy ~ H?1(), then weobtain anH}()-conforming
subspaceVy.n by setting Viyn 1= WWy H&(). Theseideascan be traced
badk to [67,83]and wererevivedin [57]. Concerningthe approximation prop-
erties of the spaceV,,.n we follow [57].

Lemma 7.2. Letk 2, andletw 2 WX () besuchthatw dist( ;@) .

Then there exists C > 0 suchthat for any compact subset ° we have
for functions u, v satisfying u = vw
kaHk() C 1 kUka() + kaHk 1( 0 X kaHk 1() CkUka() X

whee = dist( % @) .

Proof. The proof follows from Hardy's inequality. The details can be found
in [57, Thm. 6.1].

Lemma 7.2 can be employed to recover the optimal rate of corvergenceif
u2 HX() \ H3():

Exercise 7.3. Let RY have a smooth boundary. Assumethe setting of
Exercise4.7. Supposethat pj=p k 1 1foralli andthat h; h for
all i. Show, using Lemma 7.2, that the spaceV,,.n = wVy satis es

inf ku vkyiy  Ch* Tkukyx) 8u2 H*() \ Hg();
v2Vw N
hereVy is chosenasin Exercise4.7. "

Remark 7.4. The existenceof a weight function w with the above regularity
properties is closely related to the smoothnessof @: the \natural" choice
w(x) := dist(x; @) is only smooth if @ is. .
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Com bination with the classical FEM A technique proposed, e.g., in
[68], is to combine shape functions of the classicalFEM with generalparticle
methods. In the vicinity of the boundary @, a standard meshis de ned anda
standard FE spaceis employed. This spaceguaranteesoptimal approximation
properties and givesthe exibilit y of the classicalFEM to handle boundary
conditions. For the approximation in the interior of , any system can be
used, e.g., systemsVy .o of the form (7.2). These ideas can be shaped into
sewral forms. In order to illustrate what can be expected, we presen the
following example:

Example 7.5. Let R? beapolygon,andlet2 k p.LetVy HZ()
be an approximation spacewith the property

inf ku vkp 2y +hku vkyi( Chkkuka() : (7.3)

v2 VN

Let Sy := fx2 jdist(x; @) < hgbeatubular neighborhood of @. Let T
be an ane, quasi-uniform triangulation of meshsize O(h) of a set °©

that satis es Sy O Let SP'Y(T) be the standard nite elemen spaceof
piecewisepolynomials of degreep on the meshT and set Sg;l(T) = SPL(T)\
H&( 9. Note that by extending functions of S§"*(T) by zero outside of ©,
we may think of S'*(T) asa subsetof Hi(). Letf ;ji21gg SY(T)
be the standard piecewiselinear hat functions assaiated with the nodeson
@ and set X

| =
i2lg
Again, by the support properties of the piecewiselinear hat functions ;, we
may think of ! asbeing de ned on . We obsene:

I 1 on@; ! 0 on n @
2wt (), krlka( Ch't

We selectas the approximation space
Von = (1 D)W SEHT) HG(O)
We claim that for u2 HX() \ H3()

inf ku vkyiy  Ch* Tkukyy : (7.4)

v2 Vp;N

(7.4) is showvn using the same ideas as in the proof of Theorem 4.1. Let
un 2 Vy be an approximation of u from Vy sud that

ku unkizy +hku unkyiy  Ch¥kukyky :

We will take the approximant to u from Vy,n of the form (1 !)uy + v,
where v 2 SFY(T) will be determined below. The error can be written as
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u (1 "Juy v=@a !)Yu un)+ (tu v). For the rst term, we
calculate

K@ !')u un)kezgy +hk(1 !)u  un)karg Chkkuka();

which hasthe desiredform (7.4). Wenow turn to the de nition ofv 2 Sg;l(T),
which approximates ! u. We selectl, ju 2 SP Y(T) by a standard FEM
interpolation procedure.Then, (I, 1u)je = O0and

ku Ip 1ukiegey+ hkr (U 1p 1u)kizey  Ch¥jujyk) 8K 2 T:

Here, we exploited the assumptionp k. As the product of a piecewiselinear
function and a piecewisepolynomial of degreep 1, the function !'l, 1u
satises ! Iy, 1u 2 Sg;l(T). We conclude using the support properties of !
and kr ! k|_1 8) Ch 1

Klu !lp qukey +hjtu 1lp qujury  Ch*
Thustaking v := ! |, iu givesan approximation (1 !)uy +!1p 1u2 Vpn
that realizesthe desiredbound (7.4). .

Local appro ximation spaces satisfying essential boundary condi-
tions The previous idea of combining the classicalFEM in a strip near the
boundary with generalapproximation spacesVy in the interior of can be
viewed as a variant of the partition of unity method where the local approx-
imation spacesV; for the patches ; nearthe boundary are chosensuc that
they conform to the boundary conditions. A more general approadc is the
outlined in the following exercise.

Exercise 7.6. Assumethe hypothesesof Theorem 4.1. Supposeadditionally:
if ip =@\ @ 6 ;,thenVi HE(i)="Ffu2HY i)juy , = Og.
Shaw: The spaceV of Theorem4.1satises V. HE(), and the approxima-
tion result of Theorem 4.1 is still valid. .

Local approximation spacesV; that satisfy the correct boundary conditions
can be derived in dierent ways. They can be determined analytically or
numerically.

Example 7.7. Let u solve Laplace's equation and assumethat u vanisheson
a straight line. Extending u by re ection acrossthis line yields a function
(again denoted u) that is anti-symmetric with respect to this line and again
solvesLaplace'sequation. It is shawn in [78] that harmonic polynomials that
are anti-symmetric with respect to this line (and hencevanish on it), can
approximate the function u at the samerate asthe full spaceH P, of harmonic
polynomials. .

As discussedin Section 5.6, local approximation spacesV; can also be com-
puted numerically. If these spacesare computed using the standard FEM,
then it is easyto enforceessetial boundary conditions.
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7.2 Non-conforming metho ds: Lagrange Multiplier metho ds and
collo cation techniques

The essetial boundary condition could alsobe enforcedin a weak senseThe
simplest such approadh is to collocate the boundary condition in a ( nite) set
of points Y @ aswas proposed,for example,in [2,54,111].Such methods
are, however, di cult to analyze even in the setting of the classicalFEM.
Early referencedo the LagrangeMultiplier Method are [3,4]. One intro duces
abilinear form b: H1() H ¥2(@) by

uV; ):: h \'A iH1:2(@) H 1=2(@) )

where o:H1() ! H¥2(@) is the trace operator ov = Vjg . One then
considersthe problem: Find (u; )2 HY() H Y@ sud that

a(u;v) + b(v; ) = F(v) 8v2H() ; 25

bu; )=0 8 2H (@) : (7.5)
The function u of the pair (u; ) solving (7.5) is in fact an elemen of HE()
and also a solution of the original problem (7.1). A natural discretization of
(7.5) isto take subspaces/y H?Y(), My H ¥(@ andthen consider
the problem: Find (uy; n)2 W My sud that

a(un;v) + b(v; n) = F(v) 8v2 W; (7.6)
blun; ) =10 8 2My: -
S : , R .
We mertion in passingthat v, iyi2@ n 1-2(@ = g VvV dsif 2

L?(@) sothat the discrete problem (7.6) represers a linear system of equa-
tions that can be set up for any reasonablechoice of spaceMy (e.g., a space
of piecewiseconstart functions). One challenge in the Lagrange multiplier
method is that the spacesVy and My cannot be chosenindependertly. As
is well-known the so-called\inf-sup"” condition, or Babuska-Brezzicondition,
needsto be satis ed: If

b(v; )

inf  su > 0 7.7
2My VZVE) kaHl( k kH 1=2(@) N ( )

then the error u  uy satis es (see,e.g.,[94, Thm. 5.13])

1
ku unk C 1+ — inf ku vk + Kk Ky 1= :
NKHL() vz H1() H =2(@)

This bound suggeststhat the inf-sup constart § should be bounded away
from zero uniformly in the discretization parameter N to guarantee good
performance. The condition N > 0 is indeed necessaryas the following
exerciseshows.
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Exercise 7.8. Showv: n = 0 implies that the matrix represening the linear
system (7.6) is not invertible. .

In the classicalFEM, various combinations of spacesVy and My are known
to be \stable" in the sensethat (7.6) holds for a constart independen of
the meshsize; we refer to [100] for a more detailed discussionand appropri-
ate references.In the context of the classical FEM, a key ingredient in the
stability proofs for pairs Vy, My are inverseestimates. To the knowledge of
the author, such estimates are not available for meshlessmethods, and an
analysisis therefore hard. We will encourter a similar di cult y in our anal-
ysis of Nitsche's method below; the appropriate inverseestimate is therefore
stipulated as Assumption 7.13.

7.3 Non-conforming metho ds: penalty metho d

In the conforming FEM, one would have to choose Vy H3(). In the
penalty method, the essetial boundary conditions are weakenedby changing
the problem: TakingVy  H?1() and 1the problemisto nd uy 2 Wy

sudh that
Z

a (un;v):=aluy;v) + uyvds= F(v) 8v2W: (7.8)
@
We recognizethis asthe Galerkin approximation to the following problem:
Findu 2HY() sta (u;v)=F() 8v2H): (7.9)
The strong form of this problem is:
u =f on ; @u + u=0 on@ : (7.10)

One seesthat, if ! 1 ,thenu ! u, whereu is the solution of (7.1). We
will make this more precisebelow.

Theorem 7.9 (penalty metho d). Let RY be a Lipschitz domain. Let
k 2. Assumeu 2 HK() is the solution of (7.1). Let 2 H* () solve

+ =0 on ; j@e = @Qu on@. (7.11)

Assumethat the approximation space Vy  H?1() satis es:

Jnf ku o vkiag + bk (U v)kee ch¥; (7.12)
Jnf ke vk *hke (0 v)kee ch % (7.13)

Then there holdsfor a C > 0 independentof and h

n (0}
ku Un kHl() C l+ l=2hk 3=2+ l=2hk 1=2 + hk 1
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Setting = h with the optimal value = 2.1 gives
2k 1
ku UN kH 1() h , = T
Remark 7.10. The regularity assumption 2 HK () is satis ed, for exam-
ple, if @ is smooth. .

Proof of Theorem 7.9. The proof follows the exposition of [3, Thm. 7.2.2].
From the Lax-Milgram Lemma (see,e.g., [23, Thm. 2.7.7]) we have upon
equipping the spaceH *() with the normk k :=  a (; ), which is equiv-
alert to the standard k ky1¢y norm,

ku uvk = inf ku vk :

v2 VN

We now write

The function satis es

z
a(;v)= (u; v, + uvds ( —a (;v)
[P O R A
=  fvdx+ @ @ uv ds = f v dx
z L z° z
= @uvds —a( ;v) vds = — r rvdx
© |2z}
= e @ uv ds

Hence,the Lax-Milgram Lemma givesus
1
k k —K kn1(y - (7.14)

The function uy isthe Galerkin approximation tou , sowegetku uyk =
infyav, ku vk . Thus:

ku uvk = inf ku vk inf ku vk +linfk vk +k k :

v2 VN v2VyN v2VyN

Using the bound ksz2 (@ Ckzki 2y kzky1(y (see,e.g., Theorem A.2),
we can bound with our assumptionson the approximation properties of Vy

ku UNk C hk l+ l:th l=2+ 1=2hk 3=2+ 1 :

Choosing = h gives

ku Un k Chminf ; =2+ k 3=2; =2+k 1=2:k lg:
The optimal rate of convergenceis obtained for = 2"3—1 We get
1
ku UNkHl() ku UNkHl() + =k kHl() +k kHl() ku uyk +C 1;

which givesthe desiredbound. t
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Remark 7.11. In the casek = 2, we seethat the choice = (2k 1)=3leads
to the optimal rate of convergence.For k > 2, the penalty method leadsto
suboptimal rates. .

7.4 Non-conforming metho ds: Nitsc he's metho d

Nitsche's method was introduced in [88]; a good accoundthat relatesit to
various forms of Lagrange Multiplier Methods can be found in [100].Like the
penalty method, Nitsche's method alters the variational formulation albeit
in a more subtle way. For de niteness' sake, we consider again the model
problem (7.1).

For simplicity, we will assumethat the approximation spaceVy satis es
W\ H?(), although weaker assumptions su ce 3. We need to identify
the shape functions ' ; that are near the boundary. Hence,upon recalling the
de nition of patches, ; = (supp' i) , we de ne

lg =fi2Nj i\ @ 6 ;9: (7.15)

Fori 2 1g weset

= 3\ @; fl; ;= diam ;: (7.16)
For a penalty parameter > 0 de ne
z z X z
an (u;v) = a(u;v) @uv ds u@v ds+ f, L uvds: (7.17)
@ @ i21e i

One variant of Nitsche's method can then be formulated as:
Find uy 2 W st an(un;Vv) = F(v) 8v2W: (7.18)

In contrast to the penalty method, Nitsche's method is consistert if the exact
solution is su cien tly regular:

Lemma 7.12 (consistency of Nitsc he's metho d). Let be a Lipschitz
domain. If for some" > 0 the solution u of (7.1) satises u 2 H32*"() ,
then ay (u;v) = F(v) for all v2 Vy.

Proof. By the trace theorem, the assumptionu 2 H3%2*"() guaranteesthat
@u is well-de ned and @Qu 2 L?(@). Sincealsothe Gau -Green theorem
holds, the result now follows by inspection. ti

3 One hasto be able to de ne the conormal derivative @u for u 2 Vy asan elemert
of H ¥2(@) in ameaningful way. In view of practical computations, one would
like @u 2 L?(@). For example,Vy HS() for somes> 3=2 su ces.
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The consistencyresult Lemma 7.12 will allow us to obtain quasi-optimality
results in appropriate norms. In order to perform this analysis, we intro duce
a few discrete norms on the spaceH 372*"():

kukZ_,.p, = B Tkuk?o ) (7.19)
i2le
2 A 2
i2lg
kukfy, = kr ukfoy + Kuki_,p, + K@QUK® o, (7.21)

Central to the analysis of Nitsche's method is an inverseassumption:

Assumption 7.13 (inverse assumption). There exists Ci,, > 0 such that
KQuUK 1-0;n  Ciny Kr uky 2y 8u?2 W:
In the caseof the classicalFEM, this inverseassumption can be proved:

Exercise 7.14. Let T be a shape-regular triangulation of a polygon in R?.
For the spaceof piecewiselinears SY1(T), let Ep be the set of edgesthat lie
on @ and let he be the length of edgee 2 Eg . Show: There exists C > 0
depending solely on the shape-regularity constart of T such that upon setting

X
K@uk? o, = hek@UK? 2 )
EZE@

we have KQUK 1=, Cinv kr ukiz(y for all u 2 SY(T) for somesuitable
Cnv > 0. n

If the inverseAssumption 7.13is satis ed, then the bilinear form ay is coer-
cive on Vy provided that the parameter is chosensu en tly large:

Lemma 7.15. If Assumption 7.13 is satis ed, then we havefor > 2C2,

min FbTownt 2C2, kuki, an(uiu)  8u2Wy; (7.22)
jan (U;v)j  (L+  )kukynkvkan 8u;v2 H32""() - (7.23)

Proof. Usingthe factthat @ [i21, i,we canestimatewith the Caudy-
Schwarz inequality
z

@uuds  k@uk 1=pnhkuki=pn:
@

Using next the bound 2jalj a2+ 12, which is valid for all > 0, we get
ay(u;u)  kr ukfoy  2K@UK 1o kukypn + kukd_,y
kr ukf» k@uk? 1., 'kukZ_,., +  kuki,,,
(1 CaHkrukizy +( LYkuki_p.p;
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where we appealedto the inverseassumption. Choosingnow = (2C2,) !
givesthe desiredbound (7.22).
The bound (7.23) follows from the trace theorem. ti

Remark 7.16. Lemma 7.15shows that the problem (7.18) is well-de ned and
leads to a symmetric positive de nite stiness matrix, provided that the
parameter is choosensu cien tly large. A good estimate on Ci,, is required
for that. Determining Ci,, can be formulated as an eigervalue problem, and
a numerical schemethat works well has beenproposedin [51,96]. .

The consistencyresult Lemma 7.12 allows us to get quasi-optimality of the
Nitsche method:

Lemma 7.17. Seta:= minf;;s1—;  2CZ, g. Assumethat the solution

u of (7.1) satises u2 H3?""() for some" > 0. Then

ku unKin 1+ inf ku  vkin:

Q, V2VN

Proof. The proof is the sameasthe proof of Cea'slemma, for which we refer,
for example,to [23, Thm. 2.8.1]. t

Theorem 7.18 (Con vergence of Nitsc he's metho d). Let the solution u
of (7.1) satisfyu 2 HX() for somek 2. Assume:

(a) the constant a of Lemma7.17 is positive;

(b) thesets ;,i 2 lg satisfy an overlap condition;

(c) hy hforalli2lg,

(d) vizn\}‘N ku vkez) +hku vkyi) +h%ku  vkyzy  Ch*kukyx) -

Then
ku unkpiy ~Chk %

Proof. By the quasi-optimality result Lemma 7.17 it suces to bound the
expressioninfyay, ku  vki.h. Using h; h for all i 2 1 and the overlap
condition on the sets ; givesus for arbitrary v 2 Vy

ku vki, ku Vkiiy + Chk@(u V)ki: @ +h k@U VK (g :
The trace Theorem A.2 appliedto z2 H?() givesin view of r z2 H()
ku VK&, C ku VkZ.

+ hku VkHl() ku VkHZ() + %ku Vk|_2() ku VkHl()

The assumptionson the approximation properties of Vy allow usto conclude
the argumert. t
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We required k 2 in the proof of Theorem 7.18 for convenienceonly. The
follow exerciseshows that k > 3=2 is in fact su cien t:

Exercise 7.19. Use Theorem A.2 to show that the approximation result of
Theorem 7.18is true for k 2 (3=2; 2) provided

inf ku vk z) +hku vkyiy +h*ku vk ChRkukyegy

v2 VN

Remark 7.20. The approximation propertiesof Vy stipulated in Theorem7.18
required simultaneous approximation properties of Vy in three norms. Suc
results were establishedin Theorem 2.6 and Proposition 3.11. .

A Results from Analysis

Theorem A.1 (univ ersal extension operator). Let RY ke a Lip-
schitz domain. Then there exists a linear operator E : L1() ! L%(RY) with
the following properties:

() (Eu)j =uforallu2L() .
(i) Foreachk 2 No, p2 [1;1 ], thereexistsC > 0 suchthat KE uky «» (re)
Ckukykp(y forall u2 WkP() .

Proof. See[99, Chap. VI.3]. u

Theorem A.2 (multiplicativ e trace theorem). Let RY be a Lip-
schitz domain, s 2 (1=2; 1]. Then there exists a constant C > 0 suchthat for
allu2 Hs() thetrace ou= ujg satises

1 1=(2s) 1=(2s) .
k onLZ(@) CkUkLg() S kUkHs()s .
Proof. The cases = 1 is well-known (see,e.qg.,[23, Prop. 1.6.3]). For the case
s 2 (1=2;1), a proof that is basedon elemenary techniquescan be found in
Exercise A.3. A short proof resting on the theory of interpolation spacesis
as follows. From [104, Thm. 2.9.3], we can infer the trace theorem

k 0U|(|_2(@) Ckuk,, 1-2

BiZ() : (A1)

where the Beso/ spaceBg;:lz() = (L%() ;HY()) 1=21; here, the K-method
of interpolation, [15,104]is employed. For s 2 (1=2; 1], the reiteration theo-

rem then allows usto recognizeB;;:l2 asan interpolation spacebetweenL ?()

and H3(), namely, Bg;:lz() = (L2() ;HS()) .1, where = 1=(2s). Insert-

ing into (A.1) the interpolation inequality kukg: C kuk', , kuk
2

L2() H=()
then givesthe desiredresult. t

20
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Exercise A.3 (alternative proof of Theorem A.2). The presert exerciseillus-
trates a very useful device of analysis, namely, how scaling argumerts can
lead to multiplicativ e bounds.

For simplicity, considerthe case = (0;1)¢. Write := RY 1 f0g. Using
the extensionoperator of TheoremA.1, we may assumeu 2 H $(RY). Proceed
in seweral steps:

(a) Starting from the estimate kvk z(g) Ckvkys(y for all v 2 H3(),
show that

kvkiz( y  C KVK_2(rey + Vips(re) 8v2 ct (RY (A.2)
where we recall that j jsre) is de ned asthe Slobodedkij norm (1.1).

(b) By scaling (i.e., consideringthe function w(x) := u(Rx)) show that (A.2)
has actually the form

h i
kvk?>( ) C Rkvklsge) + RY ZjVids g gv2Ct (RY (A3)
for arbitrary R > 0.
(c) ChooseR in (A.3) suitably to obtain kvk?, Ckvkiz(lsf)jvja:fmd). .

The following theorem shows that it is possibleto cover arbitrary bounded
setsby balls that satisfy a nite overlap property:

Theorem A.4 (Besico vitc h covering theorem). Letd 2 N. Then there
existsa constant M4 > 0 (depending solely on d) with the following property:
Let B be a collection of nondegeneate closel balls in RY with supf diamB jB 2
Bg < 1. Let A be the set of centers of the balls of B. Then there exist
countable collections Bs;:::;Bv, B suchthat eachB;, i = 1;:::;My, is a
collection of disjoint balls and

Po [
A B:
i=1 B2B;

Proof. See,for example,[112, Thm. 1.3.5]or [40, Sec.1.5.2]. u

B Prop erties of Polynomials

Theorem B.1 (polynomial appro ximation). Let B RY be a ball of

diameter h 1. Then for each polynomial degree p 2 N there exists a linear
operator Qp : L(B) ! Py with the following properties:

Quu=u 8u 2 Py; (B.1)

ku QpUkW sq (B) Cp;q;k h(min fprikg s). kukwk;q (B), 0 s k: (BZ)
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Here, the notation (). representsthe function x 7! (x). = maxfx; 0g. The
constant Cp,qx dependsonlyonp?2 No, g2 [1;1),d, andk 0. The bound
(B.2) also holdsfor g = 1 if k and s are restricted to integer values s,
k 2 Np.

If g2 (1;1 ) andk > d=qgor if q= 1 and k d, then additionally

ku Qpukii gy Cpgh™ P *e d=akukyya(s); (B.3)

where Cp.qx dependsonly on p, g, d, and k.

Proof. The L! -bound (B.3) will be treated in the following Exercise B.2.
We elaborate the argumerts of [23, Chap. 4] in order to show the statemerts
(B.1), (B.2). We proceedin se\eral steps.

1. step:Let F : B1(0) ! B bean ane bijection. We dene u 7! Quu by
(Qpu) F := By(u F), where ®, : LY(B1(0)) ! P, is dened asin [23,
Chap. 4]. From [23, Prop. 4.3.8and Cor. 4.1.15]we have

Gu=u 8u2P, (B.4)
k@pUkW m 1 (B4(0) Cnm kUKLl(Bl(O)) for any m 2 No. (BS)

(B.4) implies (B.1). We therefore turn to the proof of (B.2). We set :=
minfp+ 1;kg, let v 2 P, be arbitrary , and calculate for s 2 [0; ] using (B.4)
and the stability result (B.5)

ku @pukws;q (B1(0)) ku qukw q (B1(0)

ku  Vkw o es0) + K8p(U Vkw e (850)
ku vk (B:0) T Ck(u V)kLl(Bl(O)) Cku  Vky w (B1(0)) - (B.6)

2. step: In order to employ scaling argumerts, we have to replace the full
norm on the right-hand side of (B.6) by a semi-norm. The technique for
doing this can be traced back to [21,31]and is basedon a compactnessar-
gumert: From Rellich's theorem, [39, Chap. 5.7], we have that the embed-
ding Wk9(B(0)) Wk 19(B,(0)) is compactfor k 2 N; for k = K+ s
with K 2 Np and s 2 (0;1) we have WX9(B(0)) WFK4(B(0)), [104,
Sec.1.16.4, Thm. 2]. Reasoningin the sameway by cortradiction asin the
classicalproof of the Poincare inequality (see,e.g., [39, Sec.5.8.1]), we can
infer for p2 No with p k 1

inf ku  Vkwia(gy)  Ciliwrn (s, ) 8u2 WX9(B4(0)): (B.7)
p

\

3. step: Sincev 2 P, in (B.6) is arbitrary and p+ 1,wegetfors2 [0; ]

ku @pukw sia (B (0)) C Vlzl’l’!)f ku VkW a (B1(0)) CjUjW 9 (B1(0)) :
P
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By transforming to B and observing how the semi-normsj jwsa, j jw
scale(cf. (1.1)) we obtain the desiredbound (B.2) for s2 [0; 1.

4. step: It remainsto seethe bound for minfp+ 1;kg< s k. This canonly
happen for p+ 1 < k. But then p+ 1 < s and an easycalculation shows that
jQpjwsa (8) = 0. We concludefor the seminorm

ju QpUjwsa () JUjwsa(e) * JQpUjwsa () = jUjwsa gy CKUkwka(g)y:

This allows us to obtain the desiredbound (B.2) for the caseminf p+ 1; kg <
s k. u

Exercise B.2. Show (B.3) by proving the following two results.

(a) Show the following generalizationof (B.7) for p+ 1< k and := B1(0):

X
|2r;f ku kak;q() Cjujwp+1;q() + jUjo;q 0O +jUjWk;q() .
vere i2N
p+2 j<k

(b) The parameterk in the statemert of TheoremB.1 is such that the Sobolev
embedding theorem WX9(B1(0)) L* (B1(0)) holds. By proceedingas
in the proof of Theorem B.1 show the estimate (B.3). .

Theorem B.3 (polynomial inverse estimates). Letp2 Ng, d2 N, k2
N. Then there exists a constant C > 0 depending only on p, d, and there
existsa constant C, depending only on d, p, k suchthat for any ball B R¢
of radiush 1 there holdsfor all 2 Py:

k kit 8y Ch %2k kiz(s);
K knxgy Ckh ¥k Kkizgsy:

Proof. For h = 1 this estimate follows from the equivalenceof norm of the
nite dimensional spaceP,. The general caseh 6 1 follows by a scaling
argumert (seealso[23, Lemma 4.5.3]).

Lemma B.4. LetB; B, RY betwo balls of radius ry, r, resgectively.

Then o
2r
k Kt (g, r—lz k kit g,) 8 2Py (B.8)

Proof. To show this, we employ the following one-dimensionalBernstein es-
timate for r 1, [33, Chap. 4, Thm. 2.2]:

k k|_1( rir) rPk k|_1( 1;1) 8 2 Pp: (Bg)

Let B1 = By, (X1), B2 = B, (X2). Lety 2 By, (x2)nfx19 be arbitrary; let | be
the line passingthrough the points y and x;. Then the length of I\ By is 2r;
and the length of I\ B, (X2) is boundedby diam B, (x2). Sincethe restriction
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of to | canbeviewedasa univariate polynomial, the one-dimensionalresult
(B.9) implies

diamB,,(x2) " 2r, P
ﬂ k k|_1 (N B1) 2 k k|_1 (Bl):

I ik ke f1 f1

Sincey 2 B, (X2) was arbitrary , the desiredbound (B.8) follows. u

C Appro ximation with adapted function systems

In this appendix, we prove Theorems5.13,5.14, and 5.17. Theseresults are
restricted to two-dimensional problems and make use of complex variables.
We will identify R? with the complex plane C where appropriate without
explicit mertion.

C.1 The theory of Bergman and Vekua

We consider equations of the form
u+a@u+ b@u+cu=0 on R?, (C.1)

where the constarts a, b, ¢ are real. The theory of S. Bergman [16] and
I.N. Vekua [105] assertsthe existenceof a bijection between (suitably nor-
malized) holomorphic functions and the solutions of (C.1). This bijection is
even bicontinuousin Sobolev norms:

Lemma C.1. Let C be a simply connected Lipschitz domain. Fix zg 2
. Let H := f' j' holomorphicon and' (zp) realg. Then there exists a
linear map ReV with the following properties:

1. ReV(' ) solves(C.1) for every' 2 H.

2. For every solution u of (C.1) there exists a unique ' 2 H such that
ReV(' ) = u.

3. kReV(' )ky«(y CK' kyk(y forall' 2H andk O.

4. 1fu2 H*() ,k 1, solves(C.1), thenthe correspnding’ = ReV *(u) 2
H is likewisein H¥() and k' Khx () Ckukyk(y -

In the last two estimates, the constant C degendson k, , and the di er ential
operator.

Proof. See[80]. Corresponding bicontinuity results in Helder spaceshave
beenobtained in [38]. u

Remark C.2. The caseof Laplace'sequationis particularly simple. Then ReV
reducesto the operator Re, i.e., taking the real part of a holomorphic function.
Lemma C.1 can be generalizedto the caseof real analytic coe cien ts a, b, c;
we refer to [80] and [16,105]for the precisestatemerts. .
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An important obsenation is that the operator ReV can alsobe computed for
Helmholtz's equation. For zo = 0 and writing (X;y) in polar coordinates, it
is shawvn in [80] that

n

ReV[z"] = n! E cogn' )Jn(kr); (C.2a)

n

ReV[iz"]= n! sin(n' )Jn (kr); (C.2b)

2
k
hereand in the remainder of this section(r;' ) denotespolar coordinates, i.e.,
X =rcos ,y=rsin'; the functions J,, arethe rst kind Besselfunctions.

C.2 Proof of Theorems 5.13, 5.14

The approximation properties of the spacesV (p) of (5.8) are proved in [80].
The purposeof the presen sectionis to showv how the approximation prop-
erties of W(p) (see(5.7)) can be inferred from those of V (p). To that end,
we needto approximate the functions € J, (kr) from W (p):

Lemma C.3. Let the spaces W(p) be de ned by (5.7). Then there exists
C > Oindependentof n 2 Ng and p2 N and there exists, for eachn 2 Np, a
function v 2 W(p) suchthat for all R 1, (x;y) 2 R%, k 0 we have

j€" Jn(kr) v(x;y)j] Ce™ ek (xitivig pR=e.

it (€7 Jn(kr) V(X y))] Ce™(1+ keR)eke" ixitivig pR=e.

Proof. Givenn and p, we will construct the function v 2 W (p) explicitly.
1. step: We start by deriving an integral represenation for €™ J,, (kr). From
[46, 8.411]we have for z 2 C the integral represeration

z
(@)= 1 emriEn g (C.3)

Next, werecall x = rcos' , y = rsin' , and we get using the periodicity of
the integrand in (C.3)

ein :Zein' Jn(kl’) - ein :Zein' g e in( +'+ =2)+ikrsin( +' + =2) d
y4 4
- e in +ikrfcos cos' sin sin' 9d = e in +ikfxcos ysin 9
z
- e in +ikfxcos +ysin 9d - (C.4)

By di erentiating under the integral sign with respectto x andy, we obtain
a similar expressionfor the gradient of €™ J,, (kr).
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2. step:For > Owedene thestrip S = fz2 Cjjlmzj < g. We claim
that the Fourier coe cien ts g of periodic functions g that are holomorphic on
a strip Sg decay exponertially. For < R the expressiong := sup,,s jg(2)]
is nite and an m-fold integration by parts givesfor 6 0

z mZ
= i i — i i i (m) .
9 =5 e’ g()d = > - e’ g"()d:
Using the Cauchy integral represertation formula we getfor 6 0
I z
_ im 1 " gl +1) m!
= — — e ——=d C— :
BIT 227 T ( om G pm°

The parameter m 2 Ng is at our disposal. We chooseit asbj j =ec and get,
using the generousbound m!  m™,

m_om gz T e,
Cjipm j i
Thus, we arrive at o
jgj ee !1¥g 8 27
and conclude X
jgj= o e Py c5)
1 e =® ' '
1P
3.step:Forp2 Nand ; = + %j,j =0;::5;p 1, wedenoteby T, the
trap ezoidal rule for integration on the interval ( ; ), i.e,,

2 X1
Tpf = — f(j)
P i
The rule T, is exact for trigonometric polynomials of degreep 1, i.e.,
Z
Tpf = f()d 8f 2T, := sparfé ;e! jj=0:::5p 19

Pence, if the periodic function g has the Fourier represenation g( ) =
-9 € , we canbound

z X
g()d Tpg 4 infkg vk ., 4 igj: (C.6)

V2T, .

iiop
4. step: We obsene that an approximation of €™ J,(kr) from W (p) can be
obtained by applying the trap ezoidalrule to the integral (C.4). We set

g( ) = Ee in :Ze in +ikfxcos +ysin g
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and note v := Tpg 2 W(p). It therefore remainsto get bounds on the error
€™ J,(kr) v. The function g is entire, and we can bound for any R > 0

sup jo(z)j  e"R eke" xitivi); (C.7)
ZZSR
Hence,we get by combining (C.5), (C.6), (C.7)
X

€™ Jnkr) vj 4 jgj Ce'Rekeixitiyilg pRee.
iip
where the constart C > O is independert of n, p, R 1,and x, y.
5. step: The bound for the gradient r (€™ J,(kr) V) is obtained similarly:
By di eren tiating; under the integral sign, we have the represenation formula
@€e" Jn(kr) = @g( )d ; by linearity of the operator T, we have @Qv =
To(@9). Reasoningas above then givesthe desiredbound. t

Proof of Theorems5.13 and 5.14. It only remainsto provethe approximation
properties of the spaceW (p). We will only shov Theorem 5.14 and leave the
proof of Theorem 5.13 to the reader. Let  be star-shaped with respect to
the ball B (0). The real and imaginary parts u; := Reu and uy := Imu
of the complex-valued solution u of the Helmholtz equation also solve the
Helmholtz equation. Additionally , Kuiky«(y + Kuzky«(y Ckukyk(y -
From the approximation properties of V (p) detailed in (5.10) and the obser-
vation (C.2) we have the existenceof holomorphic polynomials P; 2 Hy of
degreeN such that

InN (k 1)
kuj ReVPjky:yy C ”T : (C.8)

Lemma C.1 assertsthat ReV is bicontinuousin Soholev spaces,so we get

kPj ky 1() CkReV Pj Ky 1() C (C.g)
for someC > 0 that is independent of N. We now approximateﬁ,?ev P; from
W (p). To that end, we write the polynomial P; as P;j(z) = E:o an; z".
Cauchy's integral represenation then gives

|
1 P (t
An;j AU

T2 = =2 ( L
The bound (C.9) and Lemma C.8 then imply

1
P=dist(@ - 2(0): @ (0)

for someC > 0independert of N. From this, we infer for the coe cien ts ay;;
of the polynomial P;

kPjki1 (5_,(0) kPikizig o) C

o 1 1
jan; | CWkijLZ(B o S
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In view of (C.2) and Lemma C.3, we can approximate forp N

X 2 N
inf )kReVP,— VKkyiy  C  jag jn! P

R Ai -
e (1+ keR)eke” dam g PR=e;
v2W (p =0

Here, the constart C > 0 is independert of the parametersR and N, both
of which we will now choose.We estimate
X 2 N
jan; jnle™® ” CN el *RN
n=0
for suitable C, > 0 independert of N, R. Choosing now (ignoring the
complications do to rounding p=logp to the nearestinteger)

p

= — C.10
logp ( )
we can bound logN! N logN = @;Lp log(p=logp) pto arriveat
XN n
jan; jnle™® 2 ce™®
n=0 n

for someC, °> Oindependert of pand R. Hence,choosingR > 0 su cien tly
large allows us to estimate
inf kReVP; vk Ce P c.11
v2|vr3/(p) evVP;  vkyi( e ( )
for someappropriate b> 0 independert of p. The triangle inequality ku;
VKy 1() kuj ReVPjkyiy +kReVP; vkyiy and making useof (C.8),
(C.10), (C.11) allows us to concludethe proof. t

C.3 Two-dimensional elasticit y

For complex-\alued functions, we usethe standard abbreviations @ = (@
i@), @ = 3(@ + i@). As discussedin (5.14), the displacemen eld (u;v)
can be expressedon simply connecteddomainsin terms of two holomorphic

function ', . We can then ched that
2@ (u+ iv) = z' (m+1) (m); (C.12a)
«x+ y=2Re'" (C.12b)
2@,(u+iv)=( +1)Re'°+i( 1)Im"° (C.12¢)

where the stresses x, y are de ned in Section5.4. It will be corveniert to
combine the componerts of the displacemen eld (u;v) into the complex-
valued function

u(x;y) = u(x;y) + iv(x; y):
The next lemmashawsthat the functions' , appearingin the represenation
formula (5.14) inherit regularity from the displacemen eld u:
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Lemma C.4. Let R? be star-shaped with respect to a ball B (zo). Let
the displacment eld u = u+ iv2 H¥() for somek 2 N. Letzp 2 . Let
', be the holomorphic functions appearing in the representation formula
(5.14), which are uniquely determined by stipulating ' (zo) = 0. Then

k' ka() + k ka 1() CkUka() X

where C > 0 deendsonly on the Lame constants, upper bounds on diam ,
and lower bounds on

Proof. We will only show the casek = 1 and leave the casek > 1 to the
reader. Equation (C.12b) implies that Re' ©2 L?() with kRe" % z(y
Ckuky1(y . Equation (C.12c) then shaws that also Im' © 2 L2() with
kim* % 2, Ckuky1(y . The condition ' (zo) = 0 then allows us to infer
from Lemma C.9 that k' ki z() Ck' %_z() for a constart C > O that
depends only on upper bounds on diam and lower bounds on . Finally,
we use once more the represenation formula (5.14) to get the desired L?
estimatefor . u

Lemma C.5. Let C be a domain and de ne for " > 0 the set - =
fz2 jB-(2) g. If f, g are holomorphicon and satisfy f 2 HS() ,
zf0+ g2 HS() for somes 2 [0; 1], then

kzf O+ ngl( ") c"s 1 kf kHs() + kzf 0+ ngs()
Proof. The cases = listrivial and the cases = 0 is very similar to the case
s 2 (0;1). We have to bound the L?( +)-norms of
@(zf°+g) =0 @(zf%+ g) = zf 0+

By an interior estimate for holomorphic functions, [80, Lemma 2.4], we have
for each s°2 [0;1] a constart Cso > 0 such that for all f 2 H SO() that are
holomorphic on ,

kf q(LZ( o cre 1jfszo() : (C.13)

For the bound on zf %+ g% we use Cauchy's integral represenation formula
to getfor z 2
I

— 1 (z DY)
zf 00+ 0= —_— ——Cdt
PN it 2i=" (z 1)?
L L T+ o) @@+ @) g (14
20 gt gy=n (z 1)
H
For the secondterm, we usedadditionally ,, ,._. ﬁdt = 0. For the rst
integral in (C.14), weobsenethat jt zj= " impliesz t= % and recognize
the rst integral to be
| . s o |
- n | n2
1 (z DY) g= 2 fqt) dt= o 1 O%z):

20 (z t)2 21270 i 4er (2 1)3 2!

jt ozj="
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Together with bounds on the secondintegral, we arrive at

—_— 2 T = 2
Zf 004 g0 C4if 9902)j2 + C"*25  sup it ) + ot)  (zF A2) + 9(2)] :

t2@B- (2) jz tjres
Upon integrating in z 2 -, we can bound "2kf R 2 ., C"S jfjys(y
if we note - =3 =3 and use (C.13) repeatedly, namely,

twice with s®= 0 and oncewith s®= s. For the secondterm involving the
supremum, we usethe interior estimate (C.22) to bound the supremum and
then integrate in the z-variable to obtain the desiredresult.

Lemma C.6. Let be star-shaped with respect to the ball B (0). Letm 2 N,
s 2 [0;1). Letthedisplaement eld (u;v) bein H™*S() . De ne the function

git) =2 (u(@ tz)+iv(@@ t)2):
Then for t 2 (0; 1=2)
kg™ (t)kezy + kg™ (Dkyzy  Ct & Tkukgmes() : (C.15)

Proof. We will only shav the bound on g(™), the other one being handled
similarly. Using the represenation formula (5.14) for u = u + iv, we write

g =, @ HzZ AL 1vz) (@ Y2)+ " @, Y2);
g™ = @ HzZ ™MD tz) ™M@ bH2) ( 2"

+mz( 7 FO@E 09+ (2™ M@ ),
@mm= @ 9T THE v+ m 7 ©OE 92
|
v S gm @ vy

i
@™MMm=@0 ) Q@ Hz ™A@ tz) ™V t2) ( )"
m (1 Hzm™H(E@ tHz) ™M@ 1z) ( 9" *

+ mz% (z2m Mm@ t)z):

The estimate (C.15) follows from the change of variables = (1 t)z, the
obsenations (C.12), and Lemma C.4. An additional ingredient to the proof
is the fact that there exists C > 0 such that B¢t(2) forallz2 (1 t)
sothat Lemma C.5 can be employed. t

Lemma C.7. Assumethe hypothesesof Lemma C.6. Let Ty, be the Taylor
polynomial of g alout the point to = " that is evaluatel at t = 0, i.e.,
Xn "
R QIO
=0 .
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Then Ty, is dened on &= and

kkaLz(%) CkUka() X (C16)
KTmky:( 1) C" ‘kukpm() ; (C.17)
kg(O) kaLZ() + "kg(O) kaHl() C"m+SkUka+s() . (C18)

Proof. The bound (C.16) follows from the changeof variables = (1 ")z, an

and Lemma C.4. The proof of (C.17) follows along the samelines. Estimating
@g'™)(t), however, requires additionally to use Lemma C.5 and the obser-
vation that —1— fz2 & jBw(z) X gfor some"® ".In the
bound (C.18), we will only shov the H!()-estimate. We will also exclude
the casem = 1, s = 0, which we leave to the reader. We choose 2 (0;1=2)
such that 2(m 1) 2(1 s)+ 2 > 0 and recall the Taylor formula

z 0

g™ " tde

9(0) Tm = "M gtm (")

mi (m 1)

The rst term can be bounded by "™*S 1 kukym+s(y + kvkym+s(y by
Lemma C.6. For the integral, we estimate

Z, 2 Z. Z.
g(m)(t)tm ldt kg(m)(t)kal() tZ(l S )dt Jt 1 s)+ +m 112dt,
" H1() 0 0
which can again be estimated in the desiredfashion using Lemma C.6. t

Proof of Theorem 5.17. Without lossof generality, we assumethat  is star-
shaped with respect to the ball B (0). For a parameter " > 0 su cien tly
small, which will be chosenbelow in dependenceon the polynomial degree
p, we de ne g and T, asin LemmasC.6, C.7. Then T, is de ned on i~
and, sinceg(0) = u, we get from Lemma C.7

ku Tmkai(p C"™° Tkukymesy 5 j =0;1 (C.19)

From the represeration formulas for the g), j = 0;:::;m, in the proof of
LemmaC.6, weobsenethat T, hastheform T, = ' 1 2 ¢ 1, where' y,
1 are functions holomorphic on & and' 1(0) = ' (0) = 0. Lemma C.4

(together with the obsenation that the constart appearing in Lemma C.4
can be made independert of " 2 (0;1=2)) and Lemma C.7 then imply
kI 1kH1(1 :'l‘=2) +k 1kL2(1 %=2) CkkaHl(1 :'l‘=2)

C" Ykukpym(y : (C.20)

Since' 1, 1 are holomorphic on % , they can be approximated on

by (complex) polynomials at an exponertial rate. Namely, by Szeg's ap-
proximation result (see[80, Thm. 2.6]) there exist complex polynomials ' 4,
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ap 2 Hp of degreep sud that

k' 1 ' apkWi? 1) Ch (l+ h) Pk 1kL2(Int(L4h)); J 01,2 (C21a)
k 1 apkwj;l O Ch (l+ h) Pk’ 1kL2(Int(L4h)); J =0,1;2; (C21b)

here,L, = f' (2)jjzj = 1+ hg, where' :CnB3(0)! Cn is the
unique conformal map with * (1) = 1 and'9(1) > 0. The constarts
C, > 0Oareindependert of h and p. By geometric considerations(see[80,
Lemma 2.3]), we can ascertainthe existenceof D > 0 sud that for h" = D"
we have IntLsy 73— . Hence,combining (C.19), (C.20), (C.21), we can

concludefor j 2 f0;1g

ku ( Zﬁ Tp"’ ' ap)kHi()

C"m+s ijka+s() + " " (1+ (D")l:A) p" 1kUka() :

Choosing

o logpr2)
p+ 2

for su cien tly large K givesthe desiredbound stated in Theorem 5.17. t

Lemma C.8 (interior estimates for holomorphic functions). Let
C be adomain. Dene for " > Otheset - :=fz2 [jB-(2) g. Then for
any function f that is holomorphic on

kf k|_1 () Blrukf k|_2() . (C22)

Proof. The proof can be found, for example, in [76]. For the reader's con-
venience,we reproduce it here: For xed z 2 - we use Cauchy's integral
represeration theorem to write for any r 2 (0;")

z
G P f(z+ rt)jdy :

jti=r t 2 @0

o1
if(2)j= >

Multiplying this equality by r and integrating over r from 0 to " gives, if
we note that the right-hand side integral is then an area integral in polar
coordinates,

Z. Z.Z

}"ij (2)] = rif (z)jdr = 1 f(z+ rt)jdtj rdr
2 0 2 o @0
Z.27 Pz

P= 0 @i jf (z+ rt)j2jdtjr dr = Ep:kf KLz(g. (2) :

Sincez 2 - wasarbitrary, the proof is complete. ti
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Lemma C.9. Let C? be star-shaped with resgct to 0 and assumethat
B (0) . Then for f 2 H() holomorphicon we have
" #1—2

. 2 1=
K fOkey | 2diam L. 2d@m k% z() :  (C.23)

Proof. Wedene := =(2diam ) < 1.Since is star-shaped with respect
to 0, we canwrite for z2 by integrating on the line connecting 0 and z
Z, Y4 Z,
f(z) f(0)= zf Ytz) dt = zf qtz) dt + zf Ytz) dt:

t=0 t=0 t=

For the rst integral, we note that t 2 (0; ) andz 2  implies jtzj =2.
Hence,Lemma C.8 implies
z

diam 1
zf O(tZ) dt _p_—:zkf q<L2(B (0)) p—kf q(Lz() .

t=0

Thus,
Z Z, 2
K TR, 22 ae, 42 2f %tz) dit

t=

The secondterm is treated as follows: First, the Cauchy-Schwarz inequality
is applied to the inner integral; then the order of integration is switched, and
nally a changeof variables := tz is performed. This leadsto

Z Z, 2

diam
kf %P2y

2
zf Ytz) dt

t=

Combining the above estimatesleadsto (C.23). t
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