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1. Introduction
In this paper we study the linear mapping ¢, which sends a sequence {ay, }nen — {bn }nen
where

1
by =— Y d%ay, 0.1
e 2 aq (0.1)

and « is a real parameter. This mapping is just one example of a particular class of ‘matrix’
mappings, where the matrix is of ‘multiplicative Toeplitz’ type; that is, with entries a;; of
the form f(i/j) where f is a function on the positive rationals (see, for example, [5]). In
our case f(n) =n"% for n € N and zero otherwise.

First we study ¢, on the spaces P (1 < p < o0), giving necessary and sufficient
conditions for ¢, to be a bounded mapping from P to [9. We settle the question of
boundedness for the ‘boundary’ cases p = 1, ¢ = oo, and p = ¢. For the ‘interior’ values
1 < p < g < o0, the question remains open. Further, for the ‘boundary’ cases, we show
that the operator norm,

lpall = sup fleala)llq
llall,=1

is intimately related to the Riemann zeta function. For example, for p = ¢, ||¢a| = ((a)
for @ > 1. This result is perhaps implicit in the work of Toeplitz ([14], [15]) who studied
related mappings. Various other authors have studied (sometimes indirectly) the mapping
(see for example, Wintner [16]). Also of relevant interest are the recent papers [4] and [7].

In section 2, we study the mapping when it is unbounded on [P by estimating the
behaviour of

N 1/q

Bpga(N) = sup ( bn\q>
lallp=1\;, 21

for large N. We obtain formulas for Bj 44 (N) and By« «(N), while for the case p = g,

we obtain approximate formulas. For example, for the case p = ¢ = 2 and writing B, (N)

for 32’2704(]\[),

(1+ (2a—1)"%)(log N)1«

(log N1~
<log Bo(N) <
o8 Ba(N) 5 2(1 — a)loglog N

2(1 —«a)loglog N ~

(3 <a<l1)

In the next section, we show that B, (IN) provides a lower bound for max;<x |((a+it)|.
For the Dirichlet polynomial, An(t) = an N ann®, and o > %

A (M, )2

T
7| KPP~ 3

m,n<N

—_ (0.2)

But the right-hand side above is also close to @ D on<N |bn|2. We show that (0.2) also

holds for N as large as T for some \ > 0 if (a,) € 2. Results of this type (with a larger
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range of \) are well-known (see for example [1] and [8]) especially for o = , but under
the condition that a, = O(n™%). As a result we find that B, (V) provides a lower bound
for max;<7 |((a + it)|: for every e > 0,

2 1
Y[ > 2(a—35)—¢
max |Gl + )] 2 Ba(T3e—D)

for all T sufficiently large.
Using the lower bounds obtained in §2, one has

, (log T)' 1
Ol’éltaéXT’C(a‘i‘lt)’ Zexp{cw}, (§ < a< 1)
for some ¢ > 0, and maxj<i<7 [((1 + it)] > e7loglogT + O(1). The result for a = 1
is close to best known, but for % < «a < 1, the better bound with loglogT replaced by
(loglog T)® is available (see [9]). However, with little extra effort, we show in Theorem
3.5 that |((a + 4t)| is this large for a fairly large set of values from [0, 7] by showing that
for all ¢ > 0 sufficiently small, the measure of the set

is at least T(1+20)/3 for % < a < 1, while for A sufficiently large, the measure of the set

{t €[1,T]: (1 +it)] > evloglogT—A}

is at least Texp{—alog)fgogT} for some a > 0. (By quite different methods a similar (but

superior) result was obtained recently in [2].)

Of interest here is that these bounds are found by (almost) purely arithmetical means,
involving neither detailed estimates of ((s) in and near the critical strip nor the Dirichlet
or Kronecker theorems. Indeed, they basically involve estimating the maximum order of

the function .
i _a(d)?.
7 70l

The size of B, () for large N is also closely connected to the largest eigenvalue Ay (a) of

 on
the N x N-matrix with entries (EZJJ)) , which was discussed recently in [7]. The approximate

formulas obtained for B, (N) then imply similar formulas for Ay (a); for example, we show

6
An(1) = (" loglog N + 0(1))2.

Acknowledgement. The author is grateful to the referee for pointing out the recent paper

by Soundararajan [11], in which a “resonator” method was developed and used to find

Q-results for ¢ (% +it). The method employed in this paper regarding Q-results for {(a+it)

is similar in nature. Indeed, we subsequently used Soundararajan’s method to obtain the
1

upper bounds for By, , o(N) for o > % and the approximate formula for the case a = 5

1.1 Some preliminaries



(a)

For a € I? (1 < p < 0), let ||al|, denote the usual {P-norm:

s 1/p
el =@l = (SlaaP) " forp <o all = suplanl
n=1 n=

A linear operator f : [P — 17 is bounded if there exists A such that || f(z)|l; < Al
for all z € IP. As such, the operator norm is defined by || f[| = sup,—1 [[f(z)[lq-

Maximal order of some arithmetical functions
(1) 0-a(n) =3 g, d”*. We have the well-known results (see for example [3]):

(7) limsupo_4(n) = ((a) fora>1,

n—oo

(14) lim sup o)

—— =1 where v 1s Fuler’s constant,
n—oo €7loglogn

(1+o(1))(logn)*~ }

(1 —a)loglogn

(7i7) maxo_,(r) = exp{ for0<a<1.

r<n

(2) For a, 8 > 0, let 1y,8(n) denote the multiplicative function

Mo () = d(ln) dZ o a(d)’,

We have

(7) limsup 7, 5(n) = C(oz)ﬁ fora>1,

n—oo

(i) maxmp(r) = (¢7loglogn +O(1))”,

(8 + o(1))(logn) '~ }
2(1 — ) loglogn

(B +o0(1))(logn) '~ }
(1 — «a)loglogn

(iii)  exp {

< max,g(r) < exp {

r<n

for0 < a < 1.

Proof. Note that for 3 > 0, 14,5(n) < 0_o(n)?. Hence, 14,5(n) < ((a)? for a > 1,
m.s(n) < (e¥loglogn + O(1))? (see [10]), and the upper bound in (iii) holds. We
need therefore only consider lower bounds.

As 14 g is multiplicative, consider the behaviour at powers of a prime. We have for
p prime and k € N

)= e = S ()
— k B
:(l_pla) ﬁ_k}rlg{wo(M)}:(l_;&) ﬂ<1+0(pa1k)>~

(i) Suppose now a > 1. Let n be of the form 2923% ... P*F where a, = [llcéggi]- Note

that logn = ¥ (P), where 1 is the usual Chebyshev function. By the Prime Number



log P
logp

Theorem, logn ~ P as n — oo through such values. Putting k& = |
gives

moato) = T matr) = T (1= ) el 05 3 57
p<P

p<P p<P

| in the above

)}

As n — oo, the RHS tends to ((c)?, proving the result.

(ii) Now we consider the case a = 1. If we take n as in (i), we only obtain?
m.s(n) < (loglogn)?. Instead we take n = [L<p pP with b, = [\/P/p]. Then

mato = [ mae) = TL(1= ) " eo{o( 5 5 )}

p<P p<P
1
log P

= (" log P)? <1+O< )) = (e”log P+ O(1))?,

by Merten’s Theorem and the Prime Number Theorem. Butlogn =} p[\/P/p]logp =
P, so that log P = loglogn + O(1). Now, if s; is the £*® number of this form (i.e.

Sp = Hpgpk pP where pj, is the k' prime), then log sy < pp =< log spy1. Hence for

sk <n < Sgt1, logn =< log si and loglogn = loglog s + O(1). It follows that

max 1 (r) > m g(sk) = (€7 loglog sy, + O(l))ﬁ = (e"loglogn + O(l))ﬂ.

r<n

For (iii), we have for n squarefree
w5 () = ll‘[naﬂ(p) “TI,(+ (1 pla)ﬂ) - 1|‘[(1 + an +o(p;a)).
pln pln pln
In particular, for n = 2.3... P (so that logn ~ P), we have
Mo p(n) = pl}p(l + 2; + 0(;&)) - exp{g(l + 0(1))]%);&}

[P f(B+o(1))(logn)
B p{ 2(1 —a)log P }_ p{ 2(1 — a)loglogn }

Now, if t;, is the k™ number of the form 2.3... P (i.e. t, = p1...px), then logt, ~
klogk ~logtiy1. Hence for ty, < n < typy1, logn ~ klogk. It follows that

(B+o0(1))(ogte) ™™\ _ (8 +o0(1))(logn)'~*
{ 2(1 — ) loglog ty, } B exp{ 2(1 — a)loglogn } '

max1,,3(r) > Na,8(tk) > exp

r<n

g

*Here F(n) =< G(n) means there exist a, A > 0 such that a < F(n)/G(n) < A for all n under
consideration.



1.2 General considerations

For a € R, let ¢, be the operator defined by (0.1). We wish to investigate when ¢, is
a bounded mapping from [P to I (for given 1 < p,q,< 00). Note that ¢, is a linear
bijection on the space of all sequences. Linearity is trivial, and if ¢,(a) = 0 then, by
Mobius inversion, a = 0, showing that ¢, is injective. Finally, given b = (b,), we can

define a = (a,,) by
1 n\ .o
%de“QWW’

where p(-) is the Mobius function. Then ¢, (a) = b, showing surjectivity, and hence, bi-
jectivity.

First some general necessary conditions:

pa(lP) Cl = q = p; (1.1)
1

vala) €l = a > 6; (1.2)

vala) €1 = a>0. (1.2%)

These follow from the elementary inequalities b, > a, and b, > a;n™%, which hold if
an > 0 for all n. (For (1.2), we have b} > ain=9% so that g > 1 is necessary for the
convergence of Y |b,|?.)

For 1 < p < ¢ < o0, let r € [1,00] be defined by % =1- % + %, where we use the
convention that é = (0. Note that r = 1 if and only if p = ¢, and r = oo if and only if

p=1and ¢ = .

Theorem 1.1
Let 1 <p <q < oo and let r be as defined above. If r < oo, then pq : P — 19 is bounded
if a > L with |lgall < 3/C(ar). Ifr = oo (ie. (p,q) = (1,00)), then pq : I} — 1% is
bounded if and only if a > 0, with ||¢a| = 1.

Furthermore, for the cases p = 1 (any q), ¢ = oo (any p), and p = q, we have

leall = ¥/ ¢(ar).

Proof. First we consider the case where 1 < p < g < 00, so that r < co. Let a > %
Let/@:(l—%)arand)\:%ar, sothat/ﬁ>1—%,/\>%and/€+/\:a.
By Holder’s inequality,

> dlagl = Y d" - dMaal - |ag '
din

din
1-1 1 11
< (Z dl—’i/p> ! (Z quyad,p> ‘ (Z ,ad‘p> o
d|n dln d|n
1-2 1 11
P q P g
=n" (Z d—ar> (Z dar|ad|l’> (Z |Gd|p> (using ﬁ = \¢ = ar)
dln din dln

1

K 1-1 1_§ ar 1
<n¢ar) llall, (D daa” ) .

dln



Hence

q(1-1/p)
|b ’q < <Z da|ad|> (Oﬂ’) HaHp Zdar|a |p

dn dn

and so

- - 1 or
D 1ol < Clan) TPl D S d fagl?

n<x n<x dln
- _ 1
fc(a,r)q(l 1/p)”aHg pZmn‘p Z o
n<w d<z/n

< ((ar) VP a0,

Hence b € 19 and ||b]|, < ¢(ar)' =1 /PH14) 0|, = {/C(ar)|all,. Thus ¢q : 1P — 19 is bounded

and [|pa < {/¢(ar).

For 1 =p < ¢ < oo (so that r = ¢q), we take kK = 0 and A\ = « in the above. Then

1 1_, 1
1 _ 1 q q
S dadl = 3 d¥aal g < (Zdaﬂad\) (Zm) < Jlaf) 7 (ZdaqmdQ |

dln dn dln dn din

and we proceed as before.

For 1 < p < ¢ = oo (so that r = %), we take k = o and A\ = 0 in the above. Then

3" d¥lagl < (z d‘”) (= rad\p)‘l’ < n¢(ar)' 7 ol

din dln
1
which implies |b,| < ((ar)' ™7 llallp, so by, is bounded and this case follows.

For p = q = oo (so that 7 = 1), we have |by| < |lalloc >- g, 4™ < ¢(@)]]al|oo-
Finally, for p = 1,q = oo (so that r = 00), we see that from condition (1.2"), o > 0 is
necessary, in which case we have

‘an d‘
bal < 3 =55 <3 lanyal < lalh,

din dln

showing that ||¢q| < 1.
Now we show that the bound {/((ar) is sharp if either p =1, ¢ = 00, or p = g.

(i) For p =1 (which implies r = q), let (a,) = (1,0,0,...) (so that ||al; = 1). Then
b, =n~%, so that for ¢ < oo, > o2, b, = ((aq), and the bound is attained. If ¢ = oo, we
have maxnzl |b,| = 1. Hence ||pql| = 1.

(ii) For the case ¢ = oo, consider 1 < p < oo and p = oo separately, the p = 1 case
having been dealt with. Here, r = _£5. In the former case, define a = (an) as follows: for
fixed N € N, let

@

an = np-100(N)"YP if n|N, and zero otherwise.



Then ||a||, = 1 since

(e}
1
D lant” =3 lanl” = Tty S on =1,

n|N n|N

But for this choice of a, we have

_ 1 o _ 1 ar 1-1/p
by = W Zd ad = Nao-ar(N)l/p Zd - Ufar(N) ’
d|N d|N

and 0_q-(N) can be made arbitrarily close to ((ar) by choosing N appropriately. Thus
1-1 1
[¢all = Clar) 7 = ((ar)r.
For the p = ¢ = oo case, take a, = 1 for all n, then b, = Zd‘n d=% = 0_4(n), which
can be made arbitrarily close to ((«), so that ||¢a| = ((a).

(iii) For the case p = q € (1,00), define a = (a,,) as follows: for fixed N € N, let

1

AN if n|N, and zero otherwise.

Ap =

Then ||a||, =1 and, for n|N (so that d|N whenever d|n), b, = ;&\‘,’)(Sl. Hence

S bl > 3 bl = d(lm S 0 a(n)? = nup(N).
n=1 n|N n|N

As shown in the preliminaries, 7,,,(/N) can be made arbitrarily close to {(«)P.
g

Remark. For each of the cases in which |[¢a] = {/((ar), the condition @ > 1 is also
necessary for the boundedness of .. To see this, note that {(ar) becomes arbitrarily
large as o tends to L. Since b, increases as a decreases whenever a,, > 0 (Vm) it follows
that for o < 1, 375 b, |7 (or maxy,>1 |b,|) can be made arbitrarily large (with ||, = 1),
and so ¢, is unbounded for such a.

Let us call the cases where p = 1, ¢ = oo, or p = q, the boundary cases, since in the
p — q plane, they form the sides of a triangle. For these cases we therefore know precisely
when ¢, is a bounded mapping from [P to [, as well as knowing the operator norm. What
happens for the remaining cases (1 < p < g < o) inside the triangle is not very clear.
Theorem 1.1 gives only a partial answer.

One could perhaps conjecture that the conclusions of Theorem 1.1 are true for these
cases as well.

2. Unbounded operators
For the boundary cases (at least) we know that for o < %, e fails to be a bounded mapping
from [P to 19. In these cases it is of interest to investigate how large ¢/, |bn|? (and

max,<n |bn| if ¢ = 00) can become. With this in mind, define the following functions:
with b,, defined from a = (a,) by (0.1), let

N 1/q
Byga(N) = sup (Zw) (@<0),  Byoea(N) = sup max|b (g = o).

lallp=1\p,=1



We shall consider the three ‘boundary’ cases; p =1, ¢ = 0o, and p = ¢ in turn.

2.1 The case p=1
This is the simplest case and is summed up in the following:

Theorem 2.1
For1<g< oo
N 1/q .
1 . 1 ifa>0
n=1

Proof. Let a € I' with ||a||; = 1, and suppose ¢ < co. From the proof of Theorem 1.1, we

have
1

|bn|? < Wzdaq’ad\'
dn
Hence 1 ] 1
DoM<y Y daal = ) lan| D o< D~
n<N n<N dln n<N d<N/n n<N

On the other hand, putting a; = 1 and a,, = 0 otherwise (so that ||a[; = 1), then b, = -1,

which gives
1
Z ‘bn|q = W'
n<N n<N
It follows that the maximum is achieved with this choice of a and the result follows.
For ¢ = oo (with [lafi = 1), [ba] < > 4, d %lag| < min{l,n"*}, and the choice
a = (1,0,0,...) shows this maximum is achieved. Thus max,<y |by| = min{l, N~*}, as
required.
O

2.2 The case ¢ =
Next we consider the case when ¢ = co. We shall take p > 1, the case p = 1 having been
dealt with.

Theorem 2.2
Let 1 < p < oco. Then, with r = Z%(: 1 if p = 00), we have

S =

Bpooa(N) = maxo_ar(n)r.
Proof. Suppose first that p < co. Let a € IP with |lal|, = 1. From the proof of Theorem

1.1, we have
1—-1 1

1 _1
[ba] < a(zw) p (Zlad”)p <o ar(n) 7.
n
dn

dn

hSAl

Thus By oo,o(IN) < maxy<y 0—qr(n)

For a lower bound, let a = (ax) be the following sequence: fix n € N, and let

d »=1
if d|n, and zero otherwise.



Then |ja|, =1 and

b — a;/d Z ~ e n)l_%.
(e} < / or
dn O-_O” d|n

1
Thus, given N > 1 and n < N, we can find a such that b, = J_M(n)l_E. It follows that
1
Bpooa(N) = SUP||q||,—1 MAXn< N |bp| > max,<n U_M(n)lfi, and hence we have equality.
For p = oo, let a € I*° with ||a|/cc = 1. Then |b,| < 0_n(n), with equality if a,, = 1.
Hence

Boo so,a(N) = maxo—a (n).

O

Remark. In Theorem 2.2 we see that although By, o o(N) tends to infinity as N — oo for
a<l- %, it does not give an example of an a € [P for which max,<x |b,| — oco. In the
appendix, we give such an example.

2.3 The case p = q
This case is much more tricky and interesting. We cannot obtain an exact formula as for
the previous two cases, but only an approximate formula.

Theorem 2.3
Let 1 < p < oo. Then
Bpp1(N) = e"loglog N +O(1) (a=1)
(logN)l_a
log By po(N) < ———r 1
0g By pa(IN) loglog N (r<a<l)
_1/ logN \1-3
log B, 1(N)~ (p—1 (7) 3 _1
o8 p’p’%( )~ =17 log log N (@ p)

Proof. We start with upper bounds. For these we use the methods of [11].
First we note that for any positive arithmetical function g(n),

Bypa(N) < (Z %i?)’l’ . (%%{ {)1_;. (2.1)

n<N ~ dn g(d) p=1d*

This is because

‘bn| =

1
5 1 g(d)?ayq
T odyrdtydv

< (x L) (o ey

din g(d) p=1d* dln

1
using Holder’s inequality. Writing G(n) = 3_ 4, 9(d) »~1d"*, we have
p p 1 |an/d| p 1 g P
5 = 5 o S U0 <oyt S A S
n<N n<N d<N n<N/d

Taking |la||, = 1, we see that (2.1) follows.
We choose g appropriately, so that the RHS of (2.1) is small.



For % < a < 1, choose g(n) to be the following multiplicative function: for a prime
power p’f let
oh={ ot HEM
9\p1 (E)B if pi > M -
Here M, 3 > 0 are constants to be determined later. They may depend on N and «. In
fact, we shall require 1 — o < 3 < (p — 1)a. Note that g(p¥) < g(p1) for every k € N and

p1 prime.
We estimate the expressions in (2.1) separately. First

Zg <H< +ng1 >§H<1+ ga(pl))gexp{z ga(pl) } (2.2)
n<N k1p1 p1 pi-1 o Pl
Thus for a < 1 (for « = 1 we argue slightly differently)

10gzg Z +M’BZ ﬂ

n<N pL<M py—1 pi>M P1 (pf — )

(Here we require § > 1 —«.) By the prime number theorem, the RHS above is asymptotic

to
leoz leoz ﬁlea

(1—oz)logM+ (a+B—-1DlogM (1—-a)(a+p—1)logM’

Hence

g(n pM
logn;v (I—a)a+B—1)loghl" (23)

Now consider G(n), which is multiplicative as g is. At the prime powers we have

I SRS St D
P 1 o T VB D) [

=0 PT"g(ph)PT rzo0 DI r<kopy Pl
p] < M pl > M
<ip -y !
— B8
P e

(Here we require 5 < (p — 1)a.) Note that this is independent of k. It follows that

G(n)gexp{zpal_l +A;az 1;30(}

1 p—1
piln piln 1 — p7

The RHS is maximised when n is as large as possible (i.e. N) and N is of the form
N = 2.3...P. For such a choice, logN = 6(P) ~ P, so that (using the prime number
theorem)

logmaxG(n) < Z

n<N

(log N)1—o 1
Ma S i~ (log ) b leN gy

¢ —1 (1 —a)loglogN = M%loglog N

p1<P p1<P

Now choose M = Alog N for A > 0. (2.1), (2.3) and (2.4) then imply

BAl— 1-1/p  1-1/p\ (log N)'~*
log ByppalN) 3 <p(1 et i-1) (- ) log log N

3Since p is already used, we denote primes by p; in this proof.

10



for every 5 € (1 — a,(p — 1)a) and A > 0. Since %M decreases with [, the optimal
choice is to take [ arbitrarily close to (p — 1)a. Hence we require infy~q h()), where

a\l—e 1 1

") e T o) T A

Since h'(\) = ﬁ(ﬁ — 1), we see that the optimal choice is A = pa — 1. Substituting
this value of X\ gives

1> (1+ (pa—1)7%) (log N)1=«

log Bypa(N) S (1- - :
0g Bppa(lN) S p (1-a) loglog N

For a« = 1, we use the same function g(n) as before (though with possibly different
values of M and ). From (2.2)

ST () T ()

n<N p<M i/ pisM 1(p1—1)

By Merten’s Theorem, the first product is e”log M + O(1) while M” DS M pl_l_ﬁ =
O(1/log M), so this implies

> 951” < (eM10g M +0(1)) exp{O(1/log M)} = € log M + O(1).  (2.5)
n<N

For the G(n) term we have, as for the v < 1 case,

1 n 1
_ 1 B4
TR Mapp )

G(ph) <

Thus, with N = 2.3.... P,

G(N) < (1_11)<1+J\41(1__1]/)1};11)>:(671ogp+0(1))(1+0(M£gp)>.

Taking M = log N and noting that P ~ log N, the RHS is €7 loglog N + O(1). Combining
with (2.5) shows that

Bppi(N) < eVloglog N + O(1).

The case a = %. The function g as chosen for o € (%, 1] is not suitable for an upper
bound as we would require 1 — ]lj <pf<1-— %! Instead we take g to be the multiplicative

function as follows: for a prime power p’f let

M 1—2
k . P
sty = minf, (2L}
! ph(log p1)?
Here M > 0 is independent of p; and k£ and will be determined later. Thus g(p’f) =1if
and only if p¥(logp;)? < M. Note that g(p¥) < g(p1) < 1 for all £ > 1 and primes p;.

11



Thus (2.2) holds with a = % and (using the prime number theorem)

g(n) 1 11 1
log E - < g — +M " p g _—
nl/p "~ §p1—1 p1(logpy )Pt
TLSN pls(logN]IM)p plz(logj\;lw)p
1—1
M~ »

~ - D)(log T (26)

(The first sum is of order M =5 /(log M)P and the main contribution comes from the

second term.)
Regarding G(n), this time we have

k k
am =[] cob) < I (1 +zp}/p +M—ézlogp1),
r=1 /M1 r=1

pflln ptlin
so that
1 _1 _1 1
log G(n) < — 4+ M » klo < M rlogn -+ _—
gG(n) Z{,/E_l > klogp g Z%_l
p1ln p¥|In piln
The right hand side above is maximal when n = N =2.3... P, hence
1 (log N)' ™7
_1 1 og P
logmaxG(n) < M »log N + —— ~ M rlogN + .
n<N pgp /P1 (1 —-1/p)loglog N
Combining with (2.6), then (2.1) gives
M (log N)' 7
P _1 og P
log B < 1—-1/p)M ?log N + ——F——.
08 PPy~ p(p — 1)(log M )P—1 +( /p) 7o N+ loglog N

The optimal choice for M is easily seen to be M = (p — 1)log N(loglog N)P~!, and this
gives the upper bound in (iii).

Now we proceed to give lower bounds.
For a fixed n € N, let
1

{/d(n)

ag = if dn, and zero otherwise.

Then ||a||, = 1 while

Hence for N > n,

Dol =8

k<N dn

Thus By po(N) > max,<n {/7ap(n).

I
L
ks
=[]
S
)
Q
—
&
bS]
I
=
Q
i)
—~

12



Hence for % < a < 1, the lower bounds follow from the maximal order of 74 ,(n).

For the case a = %, the above choice doesn’t give the correct order and we lose a power
of loglog N. Instead we follow an idea of Soundararajan [11]. Let f be the multiplicative
function supported on the squarefree numbers whose values at primes p; is

My1/p
f(Pl)Z{ G’

m for M S P1 S R .
0 otherwise

Here M = (p — 1) log N (loglog N)P~! as before and log R = (log M )?2.
Now take a, = f(n)F(N)~'/? where F(N) = >onen f(n)P so that 37 yvan = 1.
Then by Holder’s inequality

N 1/p N N f(n)p
("o £ e

n=1 n=1 dln
DD S5 pay (2.7)
l/p ’ '
n<N d< N/n
(n,d) =1

Now using ‘Rankin’s trick’* we have, for any 3 > 0

Sy - (Y swr- 2 say)

n<N d<N/n ’n,<N d>1 d> N/n
(n,d) = (n,d) = 1 (n d) =1
= Z fnl/p <H<1+f(p1)”) +0<(Z)B H(l + 7 f(p)? )))
p1fn pitn

(2.8)

The O-term in (2.8) is at most a constant times

Nﬁ > fnptnfe l/pH<1+pﬁf p1) ) 6H< +p) f(pr)? ﬂ_l/pf(pl)p_1)>

n<N pitn

while the main term in (2.8) is (using Rankin’s trick again)

T1(1+ £y + f(iﬂzl) + 0(N15 [1(1+ £ +p?””f<p1>1’—1)>.
1 p1

p1

Hence (2.7) implies

(ibﬁ)l/pzF(lN)<H(1+f(p1>p+%)+o(]\;H(1+p1f(p1)p+p1 Y f (1) )))
n=1 p1 1 P1

The ratio of the O-term to the main term on the right is less than

exp{—mogz\r+ > (p?—l)(f(pl)“r%)}

M<pi<R

41f ¢, > 0, then for any 3 > 0, > cn <z P )y nPe,.

n>x

13



which equals

exp{—ﬁlogN+ > (pf—1)<pl(M + Ml_l/p)}.

Mip<R logp1)? ~ pi(logpi)P~!

Take 3 = (log M)~3. The term involving M'~1/? is at most (log N)1~1/P* for every ¢ > 0,
while the remaining terms in the exponent are (on the prime number theorem in the form
7(x) =li(z) + O(x(log z)~4) for all A)

P —1 log N
— fBlog N + M 7dt _—
Plog N + / t(logt)r+! +O<(10g10gN)A>

= —Blog N + M Ri+0 52M/Rdt
T wr t(log 1) ur t(log 1)1

A 1)210g]\710g loglog N
~ — p —_

loglog N

after some calculations.
Finally, since F(N) < [[, (1 + f(p1)P), this implies

1 f(p)P~!
B ,Ds (N) Z o 1 + 3
poi 2 M<p1§R< p/P(1+ f(pl)p))

for all N sufficiently large. Hence

1 1 log N )1—1/17

> 1—1/p ~ (
log By p1/p(N) 2 M Z p1(logp1)P~t  (p—1)L/P \loglog N

M<pi<R

as required.

Remark. The result for % <a<lis

(log N)'—
2(1 — a)loglog N ™~

1) (1+ (pa—1)~) (log N)!

SlogBppa(N) S (1—— .
08 Bp.p.o )N< P (1—-a) loglog N

It would be nice to obtain an asymptotic formula for log By, , (V). Indeed, it is possible
to improve the lower bound at the cost of more work by using the method for the case

a= ;1), but we have not been able to obtain the same upper and lower limits.

3. Connections with ((s) and the eigenvalues of certain arithmetical matrices.
Now we restrict ourselves to the case p = ¢ = 2, this being perhaps the most interesting
case. We shall show that the bounds obtained for® B,(N) in Theorem 2.3 for 1 < a <1
can be used to obtain information regarding the maximum order of {(s) on the line Rs = .

Proposition 3.1
We have, for any «,

—_— 2
DT L

n<N mn<N k< N

°In this section we write By (N) for Ba,,q(N)

14



Proof. We have

— 1 1
bl? = bnbn = —= Y Pd%acg = —- Y “da.dq,
TL c|n,din " [e,d]|n
since c|n, d|n if and only if [c, d]|n. Hence

“d“a,
I D S z .

n<N c,d<N n<N,[e,d]|n c,d<N k< N

by writing n = [¢, d]k. Since (c,d)|c,d] = cd, the result follows.
g

Remark. We can use this to show that B,(N) =< N27 for o < 3. For such o and
lallz =1,

2a
Z ]bn|2§AN1_2"‘ Z |aman|(m,n) — AN!20 Z laman|(m,n)

1-2 1—
n<N mn<N (mn)a[m7n] “ m,n<N (mn) “

AN Y g Y W_ANl 2057 d1—2"‘< > El_dl)

d<N - mn <N d<N m<N/d
1 2(1 1)
< A/NTT2e Z TT%a Z [mal( ?%;Z +1) (by Cauchy-Schwarz)
d<N m<N/d m
_ N2 |an| i |an|*d(n)(log n + 1)*
= AN Z nl—2a Z(IOgd+1) AN2 ¢ Z nl—2a
n<N dn n<N

But since d(n)(logn +1)? = O(nf) and o < 1, the sum on the right is O(1).
On the other hand, if we take a; = 1 and a,, = 0 otherwise, then b, = n=¢

1 N1—2a
Z‘bn|2: ZTLTO‘N 1—2a

n<N n<N

and

Letting N — oo in Proposition 3.1 gives:
Corollary 3.2
Let o > % and let a € 12. Then @q(a) € 12 if and only if the series
2c

AT (M, M)
D

m,n>1

converges. In which case, we have |pq(a)||3 = ¢(2a) Y, o1 %

S (b < C(2a) ¥ ST g g (3.2)

n<N m,n<N (mn) n<N3

Also, it follows from Proposition 3.1 that if a,, > 0 for all n and « > %, then

15



for every € > 0, whenever N > Ny, some Ny = Ny(g). The left-hand inequality is
immediate while the right-hand sum (without the (1 + ¢)) is greater than

A (M, )2 1 ATy (M, )2
Y, >(CRa)—e) Y
(e 79Ye" 1.2a Ao
m,n<N men k<[N3] k m,n<N men
= [m,n

smce[ }>Nf0rmn<N

Theorem 3.3
Let 3 <o <1 and let a € I* with |lalls = 1. Let An(t) = ZnN:1 apn®. Let N < T where

0< A< 2(a—3). Then for somen >0,

2a

17 2 2 A @n(m, n) _
7| et PanoFa=cea) 3 I o). (33

m,n<N (mn)a

Proof. We shall assume % < «a < 1, adjusting the proof for the case o = 1 afterwards. For
a # 1, we can integrate from 0 to 7" since the error involved is at most O(N/T') = O(T~").
Starting from the approximation ((a +it) =3 -, n=%"% + O(t~%), we have

2 1
- Z notit

n<t

2

|C(a +it)| + O(t'2).

Let k,l € N such that (k,l) = 1. Let M = max{k,l} < T. The above gives

T ' kA it T 1
/O |C(a+zt)|2<7> dt:/o ;W

2(‘;)” dt + O(T22),

The integral on the right is

1 a(%)itdt: 2 (miz)o‘ /T (%)itdt

m,n<T max{m,n}

The terms with km = In (which implies m = rl,n = rk with r integral) contribute

1 T—rM  ((20) M2e-1T2-20
e 2 g (kl)aT+O< (kD)= )
r<T/M

The remaining terms contribute at most

1 1
2 . ——)V
Z Z (kmlin) |logl |

m,n < T (mn) |10g l | m,n < T
km ;&7177. km #7ln
< 2M% y ! <M ) !
= (many)®[log 22| ~ (man1)@|log 72|

my < kT,ny <IT mi,ny < MT
mi1 # ny my # ni

= O(M?**(MT)*2*log(MT)) = O(M*T*2*1og T),

using Lemma 7.2 from [13]. Hence

T e kNt C(2a) %
/O ot inP () at = T + 0T 2 log ).

16



It follows that for any positive integers m,n < T,

T it 9
/0 IC(a + it)[? (%) dt = WT + O(max{m,n}>*T* **1ogT).
Thus, with Ay (t) = Eﬁle a,n’,

T

T .
SN2 2 N2 E 1t
/0 Cla+it) | An()Pdt = Y aman/ C(a+it)] (n) dt

m,n<N

200
=((2a)T Z W+O<T2_2o‘logT Z max{m,n}Qlaman|>.

(mn)
m,n<N mn<N

The sum in the O-term is at most N*(3, v lan|)* < N?, using Cauchy-Schwarz. Hence

1 /T G (m, )2 N3logT
P iR @Ra = o) 3 M 40 YT

Since N3 < T3* and 3\ < 2a — 1, the error term is O(T~") for some 1 > 0.
If @« =1 we integrate from 1 to T instead and the O-term above will contain an extra
log T factor, but this is still O(T~7).
O

We note that with more care, the N3 could be turned into an N2, so that we can take
A< a— % in the theorem. This is however not too important for us.

Corollary 3.4
Let % < a < 1. Then for every € >0 and N sufficiently large

max|¢(a +it)] > Bo(N3(*72)7%) + O(N ™) (3.4)
for some n > 0.

Proof. Let a, > 0 be such that [lallz = 1, and take N = T with A < 2(a — ). By (3.2)
and (3.3)

Sl < [ Icta it FAxOR e+ 0T )

n<N

< 0Pt [ 14 2dt+O0(T™"
< maxlCla+i 5 [ 1AV dt+ 0T )

= maX|C(a+zt 2D lanl*(1+ O(N/T)) + O(T ™)

n<N

using the Montgomery and Vaughan mean value theorem. The implied constants in the
O-terms depend only on 7" and not on the sequence {a,}. Taking the supremum over all
such a, this gives

BNP = s 3 0 < -+ 0+ 00T ),
allz n<N

17



for some 1 > 0, and (3.4) follows.

In particular, this gives the (known) lower bounds

c(logT)t—« }

)] = exp{
Itngazz(’C(a +it)] 2 exp loglog T

for 3 < a <1 and max;<7 [((1 +it)| > €7 loglog T + O(1) (obtained by Levinson in [6]).
Morever, we can say more about how often |((« + it)| is as large as this. For A € R
and ¢ > 0, let

Fa(T) = {t € [1,T]:|¢C(1+it)| > e loglogT — A}. (3.5)
cllo l1-a
FaoT) = {t € [0,7] : |¢(a+it)| > exp{m}}. (3.5)

Consider first the o = 1 case. We have, for N < T* with 0 < \ < %,

1
bn2_( > 1 . 2A 2d OT_", 3.6
Z’ " < T /FA(T)—'_/[I,T]\FA(T) IC(1 +4t)|7| AN (8)]7 dt + O(T™") (3.6)

The second integral on the right is at most

2. 1

Toglog T — A
(€7 loglog ) T

T
/ |[An(t)[2dt = (e” loglog T — A)*(1 + O(N/T)),
0
while, by choosing a,, = d(N)~'/2 for n|N and zero otherwise, the LHS of (3.6) is at least
n1,2(N). Now, every interval [T*3,T*] contains an N of the form® s;. For such an N,
m2(N) > (e7loglog N — a)? > (e?loglogT — a')? for some a,a’ > 0. Hence for A > d’,
1

T IC(1 +it)|?|An(t)|* dt > (7 loglog T — a')? — (7 loglog T — A)? +O(T™") > 1
Fa(T)

for T sufficiently large. But |((1 + it)| = O(logT) and |An(¢)]? < d(N), so

1< % IC(1 + it) 2| AN (8|2 dt < (10gT)2d(];71)u(FA(T))’
Fu(T)

where ju(+) is Lebesque measure. Thus u(F4(T)) > T/d(N)(logT)? > Texp{—lggl(fngT}
for some a > 0 (which depends on A only).
Now consider % < a < 1. Again

1
S a2 < & ( [+ )<<a LiPANOP A+ OTT).  (36)
T Fa,c(T) [07T}\FQYC(T)

n<N

The second integral on the right is at most

2¢(log T« l/T 9 4, 2¢(log T«
exp{ loglog T } T Jo [An(O)]"dt = O eXp{ loglog T } ’

p
SRecall s, =[] p[\/Tk]. From (1.1), it is easy to see that sp < sp41 < si+o<1>.

p<pp

18



while, by choosing a,, and N as before, the LHS of (3.6") is at least exp{%} for

some ¢ > 0. Hence for 2¢c < ¢,

1 D) 2 d(logT)'—«
= 12| An (D)) dt > cloel) 1
T /Fa,C(T) clat )l An ()] - exp{ 2loglog T }

We have |((a + it)| = O(T") for some v and |An(t)|?> < d(N) = O(T¢), so

1 : -
T oo [Cla+it) | An (8 dt < T* 712 p(Fo,o(T)).

Thus p(Fa(T)) > T172V=¢ for all ¢ sufficiently small.
In particular, since v < 1_T°‘, we have:

Theorem 3.5

Let Fo(T) and Foo(T) denote the sets in (3.5) and (3.5") respectively. Then for all A
sufficiently large (and positive) p(Fa(T)) > Texp{—alog)igT} for some a > 0, and for
all ¢ sufficiently small, p(Fuo(T)) > TOH29/3 for all T' sufficiently large. Furthermore,

on the Lindeléf Hypothesis, the exponent can be replaced by 1 — €.

Connection with the largest eigenvalue of certain arithmetical matrices

.. 20(
In [7], the eigenvalues of the N X N matrix with entries (ii)a was discussed. Denote
the largest eigenvalue by Ay («). Using deep properties of Dirichlet series (see [4]), it was

shown that for a > 1, Ay(«), though never larger than %, can be made arbitrarily

close to this; i.e. limsupy_, . An(a) = ggg‘gj, while the lim sup is infinite for e < 1. It was

further suggested that an ‘arithmetical proof’ of this would be unlikely. However, since

—_— 2c
Av(@) = sup 3 CmTn(mn
lallb=1 ey M

and the supremum (actually maximum) occurs when a, > 0, we see from (3.2) that

Boc(N)2 Ba(N3)2
<Apn(a) <(1T+o0(1))———
C(20) (@) < (1+o0(1)) C(2a)
But by purely arithmetical means we showed in Theorem 1.1 that, for o > 1, || || = (();
i.e. Bo(N) — ((a). (Indeed, this depended on the fact that limsup,,_,, 7a.2(n) = ((a)?).
Furthermore, from the bounds on B,(N) obtained in Theorem 2.3, we have corre-
sponding bounds for Ay («) for % < a <1 for large N, namely:

1
for a > 3

An(1) = <<12)(e7 loglog N + O(1))2,

and
(log )1

loglog N
Adjusting (3.2) for a = % ((2c) gets replaced by D on<N 1) gives

log An(a) < for 3 <a<1.

log N )1/2

log Ax(1/2) = (710g g N
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APPENDIX

Examples where max,<ny |by| — 0o and }, _ |bn|[P — oo for a given a € [P

For a < %, ¢q fails to be a bounded operator (for the boundary cases at least). As ¢4
is a ‘matrix’ mapping, it is closed ([12], p.183). For such mappings, if ¢, (I?) C 1%, then
Yo 1 P — 11 is necessarily bounded. Since we know this is false for a < %, it follows that
for such «, po(IP) ¢ 19; i.e. Fa € [P such that ¢, (a) & 9.

In Theorem 2.2, we see that although B o(/N) tends to infinity as N — oo for
a<l-— ]lj, it does not give an example of an a € [P for which maxy>1 |b,| = co. Similarly,
in Theorem 2.3, By, o(N) — oo for @ < 1 but this does not provide an example of an
a € [P for which )~ - |by|P = co. For a <0, it is easy to construct such examples but for
a > 0 this is not obvious. Below, we provide examples for both cases. For simplicity, we
take p = 2, as both examples can easily be adjusted for general p.
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1. Example for which max,<y |b,| — 00 as N — oc.

First note that although B o o(N) — oo for a < %, by, is usually quite small (at least

if « > 0). For example, we know from the Remark following Proposition 3.1 that for
a < 3, D <N b2 = O(N172%). Thus the set Sy = {n < N : |b,| > N~} satisfies
|Sn| = o(N) for every € > 0, since

CNl—Qa > Z |bn|2 > Z N—2a+2€ — |SN|N_2a+26.
n<N neSN

Let R be an infinite subset of numbers of the form 2.3... P. Let ol (n) =3 4, < md™“.
Now for n € R and d|n with d < y/n, define

En

Apjd = — F—7—
/ d* \/ ULQa(n)

Here €, > 0 is to be determined later. For this to be well-defined we need n’ > n2 for
consecutive elements n,n’ of R. Hence

oo 2
Sap= Y s Y =Y (A1)
k=1

neR 20V gind<n neR

and zero otherwise.

Thus a € I* with ||alls = 1if Y, .2 = 1, which we shall now assume.
Now, for n € R, we have

. an/d_ En 1 o
by, = T —m Z d@—%fm/ffl,ga(n)-

dn dn,d<v/n

But for any given ¢ > 0, 0/ ,,(n) > (1 — €)o_24(n) for n sufficiently large (as long as

a > 0). Thus b, > (1 — €)epy/0_24(n).

Thus, in order to have an example, we need to choose R and ¢, in such a way that the
sum in (A1) converges but €,4/0_24(n) is unbounded. This is easily done; for example,
by taking e, = 0_24(n) ™ with 0 < 3 < % and making R sufficiently ‘thin’. Indeed, by
choosing R sufficiently thin, &, can be chosen to tend to zero as slowly as we please. Using
the bounds on o_g,(n), this proves:

Theorem A
(i) Given any function ¢(n) increasing to infinity, however slowly, there exists a € 1* such
that goé(a) = (bn) satisfies
Vioglogn
o)
(ii) For 0 < o < 3, there exists a € [* such that pa(a) = (b,) satisfies

B c(logn)t—2
bn = Q<exp{ log logn }

bn:Q<

for some ¢ > 0.

Part (i) is best possible, for, writing b,, = b/, + b!! where

1 1

/ "

b, = NG E Vidag and b = NG E Vdag.
dln,d<\/7 dln,d>/7
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We have

[N

~—

i< o=( X d)é(ZradP)%s(Cﬁ%) 0,

dn,d</n dln
while

1

3 an/d\2)2

dn,d<+/n

1
", __ a”/d < } 2

dn,d</n dln,d<y/n

Hence b, = o(y/loglogn) in any case.

2. Example for which Y, _y [b,|* — oo
Again, let R be an infinite subset of numbers of the form 2.3... P. Define a, as follows:
for n € R and d|n such that d < n3/4, let

€n

an/d = \/ma

This is well-defined if, for consecutive terms n,n’ of R, we have n’ > n*, which we shall
now assume. Then a € [? if and only if

2
Z Z ai/d:neRdi:L) Z 1< o0.

neR d|n d|n
4 < nd3/4 d < nd/4

and zero otherwise.

But the inner sum on the right is at least d(n), so a € I? if Y, . €2 converges.
Now, for n € R and d|n such that d < n3/4, we have

o7 C|%7C§"3d/4
Hence

2 2 2

€ 1 € 1

b2 — n . > n _

2 VT 2 (T 5) = 2 (>~ &)
d < n3/4 d < n3/4 o< ndad/z; d< m . _‘ :1(1/4
(1—¢)e2 s (1—e)elo_n(n)? 1
> o_o(n/d)® = ,
W & 2 oy
< vn d<vn

using the fact that n is squarefree, so that (4,d) = 1 and 0_q(n) = o0_a(n/d)o_o(d).
Now, without the restriction d < y/n, the sum on the far right is of order d(n)/o_,(n) (by
using the results in 1.1 on 74,(n)). But

2 1 1
( Z 1) SZa_a(d)Q Z U_a(d)Zxd(n)a_a(n) Z PENCIE

d|n d|n d|n n
d<n d<n d<vn
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Since the LHS is just d(n)?, it follows that D dind<vi 5 l(d)Z = Ui"()n) also. In particular,

ifNeR

b= Y Y = A D ehoaln) > Asjo_a(N)

k<N n<N,n€ER d|n n<NneR
d < n3/4
for some A > 0. This can be made to tend to infinity as N — oco. Indeed, by choosing R
as ‘thin’ as we please, we can make ¢, tend to zero as slowly as we please. Thus:

Theorem B
(i) Given any function ¢(n) increasing to infinity, however slowly, there exists a € 1* such

that @1(a) = (by) satisfies
loglog N
B =0(—=—2—).
2=

(ii) For 3 < o <1 there exists a € I* such that pq(a) = (by) satisfies

B c(log N)t~—«
n<ZNb3L_Q<eXp{ loglog N }>

for some ¢ > 0.
Probably with some more effort, the loglog N in (i) can be turned into a (loglog N)?.

Abstract

In this paper we study the linear mapping that sends a sequence (a,,) to (b, ) where
b =5, dln d™%an;q. We investigate for which values of « this is a bounded operator
from [P to [? and show the operator norm is closely connected to the Riemann zeta
function.

We consider the unbounded case, in particular on [2, giving formulas (exact and

asymptotic) for the maximal behaviour of the norm />~ [bn|*. We show that these
provide lower bounds for max;<n |[¢(« + it)|, giving a new proof that max;<r [{(a +
. 1 T l—a
it)| > exp{c%
bound holds in [0,7] on a set of measure at least T(+20)/3  Analogously, we show

|C(144t)| > e loglogT + O(1) in [1,7T] on a set of measure at least Texp{—lggl‘fngT}.

We also find connections to the largest eigenvalues of certain arithmetical matrices.

} for some ¢ > 0 for £ < a < 1. Further we show that this lower
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